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NOMENCLATURE 
Em : Young's modulus of the wedge. 
Es : Young's modulus of the substrate. 
f : Frequency of virtual reference grating. 
f : Frequency of master· grating . 
. g( a) : Bounded function at the location of stress concentration. 
h( a) : Slope of.membrane edge at the location of stress co~centration. 
I(x) ·: Light intensity· at location x in the image pattern. 
I0 : Image average background light intensity. 
I1 : Light-intensity amplitude of the image first harmonic. 
·K : Stress intensity factor. 
p : Pitch of reference grating. 
r : Distant from the location of stress concentration. 
U : X-component of the displacement field. 
V : Y-compon~nt of the displac~ment field. 
: Incidence angle ·of beam impinging on the specimen grating. 
[3 : Diffraction angle of beam emerging from the specimen grating. 
: Power of the stress concentration. 
fJ : Angle. of incidence of the collimated beam. 
,·, 
vu 
w : Frequency of light wave. 
Ex : Normal strain component in x direction. 
cy ·: Normal strain component in y direction. 
,xy : Shear strain component. 
ux : Normal stress component in x directiop. 
a-y : Normal stress component in y direction. 
rxy : Shear stress c9mponent. 
/1 : Shear modulus of the substrate. 
V : Poisson's ratio of the substrate. 
vm : Poisson's ratio of the wedge. 
: Elastic constant of the substrate, 
K == 3 - 4 v for plane strain, 
"' ~ (3.,...v }/ (1 +v) for plane stress. 
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ABSTRACT 
Tlw md.lwd of fractiou;il moin'· ;rna.lysis is 11s<'d to st.11, h· t.lw singular uatur<' of th<' 
st n ·ss fie'] d ·1 lC'a.r th<' conwr of it we ·dg, ·. T]lC' i 11 vc ·s tig;, I. i ou .,f tlw singnlari t y 11at. l!IT 
i11 tl1<· ca.st· of i11terf°c1<·c in <'lastic 111cdic1. u1ay lw ('Xf<·11cl<·d tu evaluation uf tlu· 
1u;1t.,·tial properti,·s of th<' die!C'ctric or m,·tallic t hiu film in encaJ>snlitt<'d 
i11 t, ·grate-cl circ11i ts ( I C'S). It rill! I)(' show tl1a.t. t lw pow, ·r of singula.ri t y 1s a 
f11uction of wedge• <'nd g('()nwtry il.JlC l wc•dg<' / s11 I ,st r;, If' m ;1t<'rial properties. Th<' 
, ·x1 wrim<'u t ii I data oh t aiu<'d h y high s<'usi t,j vitv , ·1d1;111c<'cl nwir~ in tcrf ernmd.ry 
tc-cluii<111c· an· iu a good ;1,e;rr·,·mc·ut witl1 tlw n·snlts ohtaiued thron,e;li th,• 
1111111< Ti ud sol 11 ti 011 of s i 11g11 li1r ill t cgr al eq ua ti uu. 
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CHAPTER ONE 
INTRODUCTION 
1.1 BACKGROUND 
The microstruGture fracture in integrated cin;:uits ( 1C's ) is an important 
problem in the study of such phenomena as the cracking of the film and the 
substrate, the debounding of the film and interstitial in the substrate. The 
problem can be formulated by assuming the singularity of stress concentration 
near a contact wedge edges. The singular nature near a reentrant corner 
defined by the contact of two bodies has been accounted for by a stress-
intensity factor from many previous works (1,2,3,4,5]. In the past few years, 
finite element based methods have been developed for the solution of the 
singular nature near the edges of dissiinilar media [6,7,8]. However, by using 
finite element method, proper care shouid be provided to choic~ of element 
size, shape, mesh design and boundary conditions. Indeed, mesh refinement 
near the reentrant corner will hot lead to a convergent stress near the corner. 
·The practitioner,. whether he is an experimentalist or a designer, needs to 
evaluate singular nature with high accuracy. Such accuracy is needed in 
• I 
conjunction with advanced experimental techniques such as moire 
interferometry, laser speckle and hoiographic interferometry techniques, etc .. 
The determination of strains near a point of interest such as crack-tip can be 
accomplished by using technique of enhanced moire interferometry. The 
primary objective of this study is to identify certain factors that have 
significant influence on the singular nature of stress concentration near a 
w~dg~ edge. Some of important factors ·are the wedge/ substrate contact angles 
and material properties of the wedge and substrate. The experimental 
evaluation of the singular nature are shown to be identical to the theoretical 
calculations base~ on the perfect bounding. Furthermore, a set of experiments 
was performed at five different load levels and moire displacement field data 
along the scan from the wedge corner toward the interior of the plan with five 
different angles patterns were evaluated from the acquired moir~ patterns. 
The obtained .results show that the measured singular nature was not 
significantly effected by the level of the applied load and the angular location 
of the data acquisition scan. Indeed, these results were identical to the 
theoretical predications of linear-elastic fracture mechanics· ( LEFM ) . 
2. 
1.2 THEORETICAL FORMULATION 
Modern electronic packages consist of assembly of different materials, attached 
one to another by variety of bonding techniques. Frorri the viewpoint of 
studying the singular nature modeling part of the packages as a \Vedge topped 
on a se_1ni-infinite mediun1 is fairly realistic. ·The configuration being studied is 
shown in Figure 1.1. A wedge M is fitmly bo1-1nded on a elastic substrate S , 
in the forrn of a wedge with sharp corner en com passing an angle 1 . Th·e wedge 
and the substrate have n1aterial properties µ111 , l'l:111 and µ, K respectively. µ 
denotes the shear rnodulus, while "' == ( 3 - v ) / ( 1 +· v ) for plane stress with 
v denoting Poisson's ratio of the substrate. 
y 
'vVedg<' 
X 
a s 
Substrate 
. 
Figure 1.1 Geo1netry of the wedge bounded with a substrate'. 
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This problem was originally studied by F. Erdogan and P. F. Joseph [l]. 
Assuming that the wedge is perfectly bounded to th!'l substrate and subjected 
to uniform straii;i away from the center of the stress concentration and if the 
structure and thickness of the interfacial zone were ignored, from the 
continuity conditions it follows that 
g( a) cot 1r:.\ - f(() lim { 
. a x-a 
+ ..... } =0 
2· 4µ ( 1 - vm ) ( = · ( 1 + K) Em 
where 
[ _g ( a) ] + 
1 ...,. A 
g' ( a) 
2 - I\ ( · a ) + . g" ( a) (x - a )2 X-c- . . 2 ( 3 - A ) 
( 1. 1) 
(1. 2) 
g(a) is an unknown bounded function which may be determined by using a 
standard technique ( Erdo.gan, 1978 ) , 
f(a) is slope of the wedge edge at the location of the stress concentration , 
is singular nature near the stress concentration, 
Em is Young's modulus of the wedge, 
µ is shear modulus of the substrate, 
is elastic constant of the substrate, 
vm is Poisson's ratio -of .the wedge, 
4 
Since g( a) i O , the characteristic equation ( 1.1) giving ;\ and its acceptable 
root becon1es 
( 1 
cot 1r A '- f (a) l - ;\ - 0 , 1 0<)<2· 
1.3 EXPERJMENTAL FORMULATION 
( 1. 3 ) 
\Ve will consider first the case of" a semi-infinite crack along the negative x axis 
in an infinite solid as shown in Figure 1. 2 
y F 
F 
Figure 1.2 Crack in stress·ed body. 
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The crack tip is located at the origin of the Cartesian coordinate x, y, z. The 
asymptotic singular stress distribution in linear fracture mechanics of isotropic 
as well as anisotropic elastic materials is of the .form [9]: 
(T,. 
IJ 
where 
K f .. ( o) ~ 21rr IJ 
fij (B) for the plane stress isotropic elastic material is given by 
B ( l · . . B · 30 ) COS 2 . - Sln 2 Sln 2 , 
Cos () ( 1 + sin () sin 38 ) 2 2 2 ' 
sin 8 cos (} cos ·3(} 2 2 2 ' 
K is stre~s - intensity factor, 
r is the distance from the crack tip, 
() is the polar angle measured ahead of the crack. 
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( 1. 4 ) 
.(l.5a) 
( 1. ·5 b) 
( 1. 5 C} 
The question of inte~est here is the influence of the contact angle at the wedge 
edge on the nature of stress singularity. Without any loss in generality, the 
singular nature can be considered as an unknown variable X . The stress 
concentra.tion can be expressed as 
(J •• - K F {e) r.-\ IJ ( 1. 6) 
Taking logarithms on the both sides of e·quation ( 1.6 ) and considering x-
component of the normal stress, the singular stress function yields 
log [ K F ( e ) ] + ,\ log r ( 1. 7) 
where 
F ( ()) == cos ; ( 1 --.c sin ; sin ~ ) . 
For a high ·precision three-point-bend loading frame was used in the study, 
plane stress may be .assumed. For plane stress case, the isotropic stress-strain 
relation equation can be expressed as 
E . 2 ( c:x + vc:y ) 1 - l/ 
7 
(1.8a) 
where 
E . 
2 ( Ex + ll€y ) 1 - lJ 
ex , Ey are normal strains, 
E is· Young's n1odulus, 
v is Poisson's ratio .. 
Equation ( 1.7) and equation ( 1. 8 a, 1. Rb) yield 
( 1. 8 h ) 
log (Ex + v E y ) == { 1 o g [ K F ( 0)] - 1 o g ( . E 2 ) } + ,\ 1 og r ( 1. 9) l-v 
The term { log [ K F( 0)] - log ( E 2 ) } is independent of the sin_gular 1-v 
nature ,\ .. 
Therefore, we may replace the term { log [ K F(o)] - log ( E 2 ) } 1-v with. a 
constant C. It follows that 
log (sx + v sy ) C + ,,\ log r ( 1. 10 ) 
8 
The relation of strain to di~placement is often reduced to: 
Ex 
ixy 
where 
OU 
{)x 
av 
ay 
ou·+. Dv 
ay ax 
u is displacement field_ cornponent in x-direction, 
v is displacement field component in y-direction. 
·Consequently, the equation {1.10) may be expressed as 
log· ( au + v av ) == C. + A log r 
.· ax · 8y 
where 
A is the power of stress: singularity, 
r is the distance from the location of stress concentration, 
v is Poisson's ratio. 
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{ 1.11a) 
C 1.11b ) 
( I.Ile ) 
( 1.12) 
The linear relationship exists bet~een log(zi +v Z;) and log(r), with the slope 
straight line being related to the stress singularity power. Therefore, we can 
use moire interferometry method to evaluate the strains in each direction and 
then estimate the stress singularity power by linear least square method based 
on the plot of log(Zi +v Z;) versus log( r) near the stress concentration. 
I 
1.4 MOIRE METHOD 
The word moire is the French naine for a fabric known as watered silk, which 
exhibits pattern of light and dark bands. This moire effect occurs whenever 
two quite -similar but not quite identical arrays of equally spaced lines or dots 
are arranged so that one array can be viewed through the other. All moire 
techniques are members of one family, including those where a grating is 
applied to the surface for the measurement of in-plane strain, and those 
methods which rely upon a grating projected optically onto -the surface; the 
projected fringes are used in for analysis of the surface· shape. 
Full field displacement measuring methods include, but not limited to, grid 
method, laser speckle, holography interferometry and moire interferometry. 
10 
Determining displacernents with grids is one of the oldest and simplest 
methods of experimental stress ana-lysi_s. In this method a grid of uniform 
pattern ·is printed, etched, scribed, embedded, embossed, cemented or reflected 
on the specimen. Distances between discrete points on the grid are measured 
before and after loading to yield net displacements at grid points. The 
resolutio1:1 of grid method depends on the pitch of the grid used. Fine grids of 
8 lines/mm are common and would provide acceptable data especially for large 
deformation. Speckle is an extension of the grid method. It is basically a.- grid 
n1ethod in which the grid is random and identified by the characteristics and 
details of the object surface than printed uniforn1 patterns. Due to the 
randomness of speckle images, the o~ly way to process them would be by 
digital image processing. Speckle is convenient for automated measurements 
hut still limited in its resolution, which is slightly better than the grid method 
because the data points are not limited to specific grid lines and could be any 
general point in the camera view. Holography, on the other hand, is a very 
sensitive and accurate approach for displacement· measurement. 
Displacements as small as half the wavelength of light used (in the order of 
0.25 µm/fringe) may be detected. However it should be noted that long 
exposure times required to record the holograms limit the use of ·holography in 
many applications. Holography method is mostly u_sed for quasi""static and 
11 
out-of-plane displacement measurements ·where there is adequate time for 
holography recording and where the illumination angles needed may be easily 
utilize~. Indeed, the main advantage of holography is that specimens do not 
require special preparation. There are no gratings or grids to be printed on the 
surfaces. Moire interferometry is a high-sensitivity whole-field method to 
measure in-plane as well as out-of-plane displacements of strained bodies. It is 
based on the formation of fringes by two coherent beams. A thin specimen 
grating is firmly attached on the specimen surface using replication technique. 
Two intersecting collimated laser beams create a· virtual reference grating in 
front of the specimen. The frequency of the virtual grating is chosen to be 
2400 lines/mm, this corresponds to a .sensitivity of OAl 7 µm per fringe order. 
The interference of the virtual grating with the specimen grating creates a 
• I . 
mo1re pattern. 
The full-field moire fringe pattern from a 1.5 x 1.5 square millimeter area was 
recorded as a 512 x 480 pixels frame of image data through the video digitizer. 
By using the combination of an 1: 1 macro lens, an 100 millimeter extension 
tube and x 2 TV extender, we obtained the large near-field magnifications and 
also got. more than 50 millimeter space for setting up four~ beam interferometer 
between the lens and specimen. This magnification corresponds to the special 
12 
measurement resolution of 2.9·3 µm per pixel. 
A pictorial description of the moire interferometry method is shown in Figure 
1.3. While loads are applied to the specimen, the grating deforms together 
with the specimen surface. Two beams of ·coherent light illuminate the 
specimen grating fron1 angles +er and -a. These two collimate beams generate 
virtual grating in the zone of their intersection. The virtual grating are 
essentially bright and dark bars, and they act like the reference grating in 
geometrical moire. The specimen grating and virtual reference grating interact 
to form moire pattern. The 1nechanisn1 of fringe formation in moire 
interferometry is presented in the following section. 
1.4.1 FRINGE FORMATION MECHANISM 
The _mechanism of moire fringe formation can be illustrated by considering the 
transmission of a beam of light through specimen and reference arrays, as 
shown in Figure 1.4. If specimen and reference grating, are identical, and if 
they are aligned such that the opaque bars of one grating coincide exactly with 
13 
A 
Diffraction order 
Specimen 
-----~ 
< 
X 
l 
y 
Camera 
Figure 1. 3 Sche111atic description of moire interferornetry. 
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Figure 1. 4 Light trans1nission through matched reference and 
a1id specin1en grating ( n~U-field). 
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< 
the opaque bars of th_e ·other grating, the light will be transmitted as a series of 
bands having a width equal to one-half the pitch of the gratings. However, 
owing to diffraction and resolution capabilities of our eyes, this series of bands 
will appear as a uniform gray field with an intensity equal to approximately 
one-half the intensity of the incident beam when the pitch of the gratings is 
smaller than special resolution of the recording device. 
Let the specimen be subjected to a uniform deformation as shown in Figure 
1.5. The transmission of light through the two gratings will now occur as a 
series M bands of different width. When an opaque bar of one grating is 
aligned with the transparent interspace of the other grating, the light 
tr ans mi t ted is minimum and a dark band known .as a moire fringe is formed . 
Specimen deformations in direction normal to the grating do not contribute to 
moire fringe formation. Thus, the displacement of the specimen in unit 
interval is 
.6l=np, (1.13) 
or 
16 
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Figure 1. 5 Fonnation of n1oire fringe. 
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where 
n is the number of moire fringe in the gage length , 
p is the pitch of reference grating, 
f is the frequency of the reference grating. 
Consequently, the engineering strain m any arbitrary interval l 
O 
may be 
expressed as 
61 np 
€-----
- 10 ~ 1-np 
c--~-~ - 1 -
0 
np 
l+np 
for tensile strains 
for compressive strains 
I 1.4.2 GEOMETRICAL APPROACH TO MOIRE 
( 1.14a) 
(1.14b) 
Figure 1. 6 shows the geometry of moire fringes in terms of fringe spacing. In 
general point in a stressed specimen, the effects of rotation and deformation 
may occur simultaneously. Consider first the distance fJ between fringes. From 
the geometry of the intersection shown in Figure 1.6, it follows that [10] 
18 
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Figure 1.G Geornetry diagrarn of moire fringe based on 
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Figute 1. 7 Geon1etry diagrarn of moire fringe based on 
inclination angle. 
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where 
p == d sin 0 
6 == d sin ( ¢ :- 0 ) 
p 
sin -0 
6. 
sin ( ¢ "'B) 
tan B sin <P 
- 6/p + cos ¢ 
.p is pitch of the specimen, 
8 is distance bet:we~n fringes·, 
(1.15) 
(1.16) 
6 {1.17) sin </J cos B - cos </J sin B 
{1.18) 
e is the rotation angle of the specimen gr a ting with respect to reference 
grating, 
¢ is the angle. of moire fringe with respect to master grating. 
In a similar manner, it is observed from Figure 1. 7 that 
p' d sin(6 - B) (1.19) 
p ·d ·sin( 1r -B) (1.20) 
20 
p~ p 
sin ( ¢ - 8 ) - sin ( 1r -8) 
-Substituting equation (1.17) into equation (1.21), it follows that 
p' ·6 sin (} 
sin·</; 
From the relationship of trigonometric function, we have: 
sin B == tan (} 
~l+tan2 (} 
Substitute equation (1.18) into equation (1.23) and get 
~l+tan2 8 
or 
(6/p + cos ¢)2 + sin2¢ 
( 6/p + cos ¢)2 
~1 -i- ( 6/p )2 + 2(6/p) cos ¢ 
· ( 6 /p + cos¢ ) 
21 
(1.21) 
( 1.22) 
(1.23) 
(1.24) 
Therefore 
tan B 
·,· b sin 0 
p == sin ¢ ~ 1 + ( 8 / P) 2 + 2(8 /p) cos ¢ 
(1.25) 
In many instances, moire fringe patterns will be evaluated in regions where 
rotations are small. In these cases, ¢ ~ O· or 1r, it follows that 
or 
¢p 
p - b·· 
Normal strain perpendicular to master· grating is 
€
 -
p' - p 
p 
1.4.3 STRAIN DETERMINATION 
(1.26) 
(1.27) 
The displacement derivatives in equation (Llla_, l.llb and l.llc) can be 
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estimated, by recording fri_nge values along lines in. the x and y directions, 
plotting the -fringe values versus position, and taking the slope of the plot at 
each point at which strain is required. Figure 1.8 shows the displacement -
position plots used to de"termine ~u & ~u components, while Figure L9 shows uX uy 
the displacement - position plots used to determine 
drawn to these curves provide au ox ' 
OU 
oy, ov ox' 
ov 
ox 
8v 
By. 
& i~. Tangen.ts 
Note that for each 
speci1nen two moir.e fringe patterns are required, the U and V components of 
the displacement fields. For each field, derivatives must be obtained in both 
directions. So, at each point, where the complete two-dimensional strain 
tensors are required, four derivatives .are needed. Once the strains are 
obtained, the stresses can be obtained from Hook law for stressed elastic body. 
I 1.5 MOIRE INTERFEROMETRY 
In this study, a high-sensitivity enhanced .moire interferometry method: for 
whole-field in-plane displacement measurement was used. It offers a unique 
combination. of high sensitivity and excellent contrast, range and spatial 
resolution·. 
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A = a cos ( 21r ~ ) (.1.28a) 
where 
A is electric field strength, 
a is constant, 
,\ is wavelength. 
If the velocity of the wave train propagating through the free space is defined 
as c, for any fixed point x = x0, the light disturbance varies with time t, and 
c_ 
"X - w 
A == a .cos 21r ;t == a cos 2w1rt (1.28b) 
where the variable 2,rwt is called the phase of the disturbance. For a parallel 
or collimated beam of light, the phase is constant along any plane which 
perpendicular to the beam. In other words , the field strength is the sarne at 
all points in the cross section. 
The wave length A of a Helium-Neon laser used in our laboratory is 632.8 nm. 
The light trains travel with a velocity of about 3 x 108 m/s in free space. 
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Thus, when the wave train travels through a fixed point in space, its frequency 
of oscillation is w = X ~ 4.741 x 1014 Hz. In this frequency range, there are 
no instruments· that can detect individual cycles. Instead, -receivers -s·uch as 
photographic film or photoelectric cell should be used to respond the total 
energy in the signal. 
LS.2 VIRTUAL REFERENCE GRATING 
A possible setup to produce virtual refer·ence grating utilizing two beams 
interferometry is illustrated in Figure 1.11. The laser power required for the 
moire interferometry depends on the· desired area of image. In this work it 
was chosen to be 60 mW. To get rid of the transverse modes which cause a 
very cloudy structure of beam profile, the laser beam should be spatially 
filtered by a low pass filter real_ized with 200-µin pinhole. A parabolic mirror 
was used as a mean to form a collimated beam. Half the incident beam 
impinges ·directly ori. the specimen surface, while the other half impinges 
indirectly in a symmetrical direction after reflection from a plane mirror. 
Since wavefronts were originated from the same source they have identical 
phase. To avoid the image distortion, the video camera should collect all light 
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Parabolic 
mirror 
that emerges essentially normal to the specimen surface. The lens focuses the 
specimen surface onto the photoelectric cell of charge coupled device (CCD). 
Two wave trains at a given instant of time are shown in Figure 1.12. Assume 
that the wavelength of each Wavefront is A. The harmonic curves with 
ordinates labeled A1 and A2 represent the a1nplitude of the two wave trains in 
space at the given instant. The phases difference of the two wavefronts along 
the chosen cross section a-c is an integral number of wavelengths. The 
difference S of optical path lengths traveled by two wave trains is 
s -
.,\ - n,. for n = 0,1,2,3, ...... (1.29) 
Thus, the resultant intensity of the re~ombined wave trains along a'."c is 
(1.30) 
In other word, the result is. constructive interference at every point along a-c. 
By the same argument, alo~g d~e the difference S of optical path lengths 
traveled. by the two wave trains is 
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0 
f) 
for n = 0,1,2,3, ...... (1.·31) 
Thus, the intensity of the recombined wave trains along d--e is 
I == 4a2 cos271".§. = 4a2cos21r (n +-1 ) .= 0 ;\ · · · · 2 (1.32} 
The result is destructive interference at every paint along d-e. 
Above derivations explain the formation of constructive and de·structive 
interference at any given instant. At a later instant the two wavefronts. have 
advanced, but theit velocities are identical and the distances traveled are-
unchanged . Therefore, the phase difference at any point remains the same. 
This .is why a steady-state condition of constructive and destructive 
interference is formed, or a two-beam virtual reference grating is created. 
Furthermore, the wavefronts really are planes that stand perpendicular to the 
diagram of Figure 1.12. Consequently, the virtual reference grating is formed 
in a series of parallel planes that stand perpendicular to the diagram. In this 
study, a frequency 1200 lines/mm of specimen grating was used. For moire 
interferometer. application, the virtual reference grating should be an integral 
number times of that specimen grating. The 2400 lines/mm virtual .reference 
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grating was used in the work. From the shaded triangle ·in Figure 1.12 whose 
hypotenuse is p and short leg is ~' we find 
. ,,\/2 
s1nO == p (1.33) 
where ,,\ is wavelength~ 
p is pitch of the reference grating, 
0 is the incident angle of the collimate beam. 
' 
A 
·The frequency of the reference virtual fringe is f, then 
A 1 · 2 • f = p = ,,\ s1n8 (1.34) 
It follows that the () would be 
A 
e == sin-1(fi) 
. -1(·· 2400rr{m x 6.328 x 10-4mm ) = SIU 
· 2 . · 
= 49.41° (1.35) 
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Where the () is the angle of incidence, it means that the collimated beam 
should be adjusted at 49.41 ° with the illuminated surface of the specimen to 
get the virtual reference grating with density of 2400Jines/mm. Sensitivity of 
displacement measurement using traditional fringe counting is equal to the 
pitch of the reference grating [llJ. Corisequently, -this corresponds to a 
-sensitivity of 0.417 µrn per: fringe order. 
1.5.3 SPECIMEN GRATING 
A high frequency phase diffraction crossed-line grating is firmly attached to 
the specimen surface. The phase grating have regularly spaced furrowed or 
corrugated surface with symmetrical furrow profiles. ·The period or pitch of a 
grating is the distance p between corresponding features of adjacent bars or 
furrows. The frequency f of a grating will related by f -1 . Generally, for 
many applications, a cross.ed-line grating is required. The grating. has 
repeating arrangement of bars or furrows in two orthogonal directions for 
horizontal field (u) and vertical field (v) measurements. 
34 
A reflection grating divides every incident wave train into a multiplicity of 
wave trains of sn1all intensities, which cause these wave trains ernerge in 
certain preferred directions: .... , B _ 1, B0, B1, B2, · · ·, Bm, ·. · ·. These 
beams are called diffraction orders and are numbered in sequence beginning 
with th~ zero order, which is "the mirror reflection of the incident beam. 
The general case is illustrated in Figure 1.13 where A and Dm represent unit 
vectors, that define the directions of incident and diffracted beams 
respectively. The x, y components of A and Dm_ are ax, &y and ~mx , hmy 
respectively. From the relationships in terms of these vector components, 
corresponding to the pictorial relationships represented in Figure 1.13, we have 
A 
f3my 
or 
sin,Bmx == sina coslj) + m>J 
sin,Bmy == sin a sin lj) 
where 
amx, &my are x, y components of the incidence vectors, 
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(1.36a) 
( 1.36b) 
(1.37a) 
(1.3.7b) 
Fignre 1.13 Light diffraction sche1natic. 
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.... "' fJmx, /3my are x, y components of the emergence vectors, 
is wavelength of-the light, 
f is frequency of the specimen grating, 
is angle of in-plane rotation of the grating. 
In general application, 1/; is zero or very small . The grating equation may be 
written to be two-dimensional grating equation as 
sin,Bmx :.._ sina + m,\f 
f3my == 0 
(1.38a) 
(1.38b} 
As special case of interest is illustrated in Figure 1.14. It is where the zeroth 
diffraction order and its neigh.bar, the -1 order , are symmetrical with respect 
to the grating normal. If the angle of incidence is a, we have ,a0 = a and ,B_ 1 
== -a, we have. 
sin ( - a) == sina - ,\{ (1.39) 
or 
. ,\ f s1na == 2 . (1.40) 
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Figure 1.14 Two dimension which zero and -1 diffraction 
order have syn11netri-cal directious. 
Figure 1. 15 Virtual reference grating fanned by 
( a) two colli1nated beams, 
(b) a real grating. 
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The grating equation (2.13) and equation (2. 7) are the same. If we let B =a, 
A 
we find f=f. Figures 1.15a and 1.15b illustrate the relationship of the 
equivalency between reference grating and specimen grating. A real grating of 
the same pitch creates two coherent beams that coexist in space and they 
create the same wall of interference in their region of intersection. On the 
other hand, if this diffraction grating is illuminated at a suitable angle a=B, it 
will generate zero and -1 order beams equal to those that originally formed the 
grating. This is an equivalency relationship. The equivalency is a. powerful 
concept! Diffraction grating lines and regularly spaced interference fringes can 
be interchangeable entities. The importance of this concept is that a virtual 
grating can be formed either by a real grating or by intersection of two 
coherent beams. 
When f = ! is chosen, two beams of the light (A and B) will diffract in the 
+l (A') order and -1 (B') order from the specimen grating emerging with 
angle {3 = 0 as shown in Figure 1.3. These two coherent beam coexist in 
space, but their angle of intersection is Zero. Therefore, their mut11al 
interference produces a uniform intensity through out the field. When the 
specimen is deformed by external action, displacements of the specimen 
grating .are identical to those of the underling specimen surface. This distorts 
39. 
/·. 
' 
the specimen .grating such that its frequency and orientation change point by 
point. This creates the slightly warped but continuous wavefronts in the 
intersection area. Now, the t\\'.'o emergent beams (A" and B11) intersect at 
fi~ite angles and produce an interference pattern. According to the 
mechanism of formation of moire interferometry as described in section 1.4, 
the interference pattern is a contour map of .the separation, ,,\ N x , between 
these warped wavefronts with ..\ denoting the wavelength of the coherent light. 
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CHAPTER TWO 
I 
FRACTIONAL MOIRE FRINGE ANALYSIS 
I . 2.1 FRACTIONAL MOIRE INTERPRETATION 
The application of moire method to the analysis of strain is hindered by the 
precision that can be achieved in the measurement of displacements. A 
method of fractional moire interpretation theory was first introduced by 
Sciammarella more than two decades ago [12]. However, its practical 
application was hindered by the lack of appropriate means for data acquisition 
and analysis. Contemporary, digital image processing system offers the 
potential to automate moire fringe acquisition and analysis and to enhance its 
resolution. Interpretation of data no longer ·has to be limited to the distinct 
lines of fringes but can be extended to a whole-field interpretation. This new 
feature of fractional fringe interpretation is particularly useful for analyzing 
low-order moire fringe patterns of displacement fields [13,14,15,16]. 
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2.2 FRINGE COUNTING 
When moire 1s used for analysis of deformation, the location of zero-order 
{ringe is usually assigned· arbitrary. This is because rigid-body translations are 
unimportant for strain field analysis. Relative displacements are pertinent, 
but .absolute fringe orders are not.. For strain analysis, relative displacements, 
rather than the displacements themselves, are of interest. Any arbitrary point 
can be considered as a reference and the fringe passing through it may be· 
assigned the zero order. All other fringes may then be numbered relative to 
that fringe. 
2.3 BASIC CONCEPT 
In moire method, we concerned with the formation of image of two superposed 
grids. When two grids have different pitches or when they are rotated, in 
addition to -image of the grid lines, a "fringe" phenomenon appears. The 
characteristic equation of the superposed grids can be represented as following: 
I (x,y) = lj_!p
00 ~ j Ia (x,y) lb (x+x', yty') ds (2.1) 
8 
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where 
Ia , lb are the light intensity of the two interference beams, 
x, y are coordinates fixed to the gr"ids, 
x', y' are relative displacements independent of x, y, 
s is the area covered by the image;:.forming system. 
Following the outline derived by Sciammarella [12] using Fourier transform, 
the. light intensity distribution in image plane is given by 
I (x) == I 0 + I1 cos 21r p(x) + I2 cos 3x21r p(x).-+ I3 cos 5x21r p(x) + · · · · 
(2.2) 
where 
I O is the average background intensity, as shown in Figure 2.1, 
I1, 12, I3 etc. are the intensity amplitudes of corresponding harmonics, 
p(x) ls the relative displacement of th~ two grids. 
In practical application, by. reducing the numerical aperture of the system, it is 
possible to filter out the harmonics of order higher than the first. Therefore 
the light intensity distribution in the image will be given by 
I (x) == I0 + I1 cos 21r p(x) (2.3) 
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Fignrc 2.1 Light jntcnsity clistrihntion. 
From equation 2.2, it follows that the light intensity is maximu_m each time 
p(x) = n, for n = 0, 1, 2, 3, ....... (2.4a). 
and is minimum when 
1 . . p(x) ·== 2 (2n+l) ,. for n == 0,1, 2, 3, ....... (2.4b) 
The relative displace1nent p(x) may be expressed through the displacement 
field un ( x) between fringe order n anq n + 1 . It follows that 
(2.5) 
where p is the pitch of reference grating. 
Consequently, the light intensity distribution may be expressed as 
displacement equation. It follows that 
_-p _1 I(x)-Io 21r cos I I1 l (2.6) 
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2.4 DIGITAL IMAGE PROCESSING SYSTEM 
Moire interferometry, due to its high sensi ti vi t y, has become one of the 
important method for analyzing in-plane displacements and associated strains 
in the structure of interest. There is a large amount of information stored in 
moire-fringe pattern, because it represents displacement field over the whole 
field of view. Because of the tedious repetitive calculatiOns, to process moire 
patterns manually is not only inefficient, but also results in loss of valuable 
experimental data. It will be impractical to process the large number of 
moire fringes required in the application of the moire method unless automatic 
methods are developed [17]. Digital image processing system is capable of 
ac::quiring image that has wider dynamic range than the human eye. The 
main components of image processing system are digital computer, image 
acquisition device and image processor. The digital computer is used to 
acquire, process and manipulate image. 
2.4.1 IMAGE ACQUISITION DEVICE 
Digital image acquisition device generates a sampled digital representation of a 
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I 
pattern. A charge coupled devices ( CCD) was used in this work. The video 
camera (CCD) is manufactured by SONY ( rnodel XC-57 ) which has 510 x 
492 pixels of CCD image sensor. ·The minimum light sensitivity of the camera 
is 3 lax at F 1.4, which is adequate for the 60 mw laser power looking into the 
small areas such as 1.5 x 1.5 mm2 of the moire. pattern, by using the 
combination of a 10 mm extension tube and a x 2 TV Extender with 1:1 
Macro lens. CCD cameras are superior to many other light sensing systems 
for a variety of reasons. For example, the radiometric response of CCD's is 
extremely linear, and the devices are quite sensitive to small chan_ges in light 
intensity. 
2.4.2 IMAGE PROCESSORS 
The digital image processor used in this work is a PC-based system. The host 
computer is a Zenith ZBf-2526 IBM.,A';I' compatible personal computer· 
running at 12 MHz which is equipped with an 80287 co-processor. The frarrie 
grabber and frame processor DT-2853 (Data Translation) was added to the 
host computer. It accepts a single analog video input that may be an RS-170 
or an NTSC _signal. 
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The video signal is fed into a frarne grabber. It digitizes the image into 512 x 
480 pixels frame representing the irnagc. Value at each pixel tepresents the 
intensity of light irnpinging on a srnall area of the carncra sensor. The value of 
each pixel is an eigh.t- bit n uru ber ( ie., ranges in value frorn O to 255 ) with the 
lowest value representing black, the brightest value re.presenting white , and 
values in between representing different shades of gray. The digital imagin.g 
technique was used, and a Ivlicrosoft FORTRAN source codes were created for 
the con1puter-aidcd fractional n1oire strain analysis -and power singulari t.ies 
evaluaJion. The systen1 may be used to analyze cases of relatively few fring~s 
in the displacement field ·by using the fract-ional moire fringe approach and 
dig_ital filter based on Fourier transformation. A concise flow chart of the 
source. code is shown in the Figure 2. 2. 
lni tialize Iris data processor 
{subroutine INIRIS) 
( continue) 
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) 
( 
·Acquire & display an image 
(.subroutine- ACQUIRE) 
' 
Indicate the location of 
the stress concentration 
Select the data points for 
the singular nature analysis 
Select the ranges for the strain 
analysis of the data points 
Use FFT digital filter 
(subroutines FFT & INTERP) 
t 
(continue) 
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Manipulate f;ringe order 
(subroutines PEAKS, ADDP, DELP, ORDFAU) 
Use fractional fringe photomechanics for 
evaluation of displacement from moir~ pat tern 
(subroutines TRAN & FFPMOI) 
··"" ----------------------' 
Account for carrier fringes 
P edorm normal or shear strain analysis 
( subroutine STRAIN) 
( continue) 
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Optimize the strain po~ynomial 
regression fo.r goodness-of.:. fit 
(subroutine POLYI,l; functions REGR & SIMUL) 
Calculate the power of stress singularity 
(subroutine ANALY) 
Figure 2.2 Concise flow chart of the source code. 
2.4.3 INITIALIZATION AND ACQUISITION 
The main functions of t~is step are : 
L Opening a channel to the data process.or driver. The driver is 
i1.1terrogated for the current devices, their configurations, and 
for any extended memory frame buffers that were specified 
when the dr1ver was. loaded. 
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2. Cleaning two image buffers of the frame grabber for assigning 
one as input frame buffer and another as an output frame buffer. 
3. Triggering that the camera and frame grabber are synchronized. 
4. On-line preview of the image to m.ake sure that the camera is 
properly focused. Check that the background of the light 
intensity is optimum. 
5. Ac.tivate the frame grabber to freeze, digitize, and acquire one 
frame and save th~ image in a file. 
2.5 DIGITAL FILTERING 
Fourier transform method provides a powerful tool for high frequency noise 
elirnination. In moire pattern noise could be due to· image imperfections 
caused by scratches, fingerprints, air bubbles, etc.. It may also be caused by 
the shadow of the image reflecting from came.ta lens. Since moir~ 
interferometry fringes are constructed from one order of diffraction only, they 
should be smooth cont1nuous distributions of the light intensity. After Fourier 
transform, higher order coefficients are eliminated and the distribution is 
reconstructed by using an inverse Fourier transform based on. the remaining 
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coefficients only. The :fitting process is ·carried out incrementally until an 
optimum distribution combining minimum noise and no significant changes in 
the shape of the distribution is reached. The results of the digital filtering is 
shown in the Figures 2.3a and 2.3b. 
2.6 OPTIMUM POLYNOMIAL REGRESSION 
From the analysis of experimental data, certain values of displacement Y have 
been. evaluated, each corresponding to a particular location X. If we wish to 
draw a curve to represent the data as well as possible, we must first postulate 
a model representing the situation. Assume that eaCh \ is an observation 
constant variance 0'2, and that the corresponding values Xi are known 
precisely. Assuming that the measurement of Y locates it within a small 
interval of extent 6 Y, the probability of observing the value Yi is, from the 
normal distribution [181, 
.( /3. X ·13 X 2 /3 X n) 2 / 2 2 . 1 ....,.. Y· -a- 1 . - .2 . - ........ - n . u Pr(Y.) f"V {2; e 1 1 · · 1 · 1 · ~ y 1 u 21r (2. 7a) 
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Figure 2.3b Original ahd filtered light intensity clistril1utio:ns . 
(2. 7b) 
n 
1 
where K is a constant. The probability P of all these m values of Y occurring 
~
simultaneously is 
P == P~(Yi)Pr(Y 2). · · .·. ·Pr(Y m) (2.8a) 
. 
~- ( . X X 2 - X n)2 /- 2 2 
-, ~ Yi~ a-,B 1 i ~ ,B 2 i -...: .... · .. -,B n i - (j 
~ Km e 1==1 (2.8b) 
The regression curve is considered the best representation of data points "if P is 
a maximum, which will occur when a and ,Bi are chosen to minimize the sum 
of squares 
_·m - 2 _ n 2 S == I: (Y·-a-,e1X,-,e.2x. - ....... ~,BnX· ) i-1 1 1 1 1 (2.9) 
Henceforth, we can set as/ aa= 0, as/ a /3 i =0, and replace a and f3 i by their 
estimates a and bi. Rearranging, we obtain n sin1ultaneous linear equations 
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C21 bl + C22h2 + · · · + C2n bn = C2y 
.. 
.. 
. 
together with 
m· 
a - y - L b. x. 
. 1 1 . 1 
1==· . 
were 
. 
.. 
. 
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. 
.• 
. 
(2.10) 
(2.11) 
(2.12.a) 
(2.12b) 
(2.12c} 
.\ 
\ 
J 
The system (2.10) is conveniently solved by Gaussiar:i-Jordan elimination 
procedure. T.he varia~ce a-2 is estimated by 
m 
. (Cyy - .I: biCi ) 
I s2 == ' 1=1 y 
(m-n-1) (2.13) 
Now, consider the problem of finding how high an order of polynomial m?,y be 
used to give a reasonably good representation of a series of the data points. 
The technique employs a least-squares fit of the data by successive 
polynomials of order n==2,3,4, etc.:, and examines the standard deviation S 
about the regression line in each case. We could expect S to decrease fairly 
rapidly with increasing n until a good frt were obtained, and that further 
increases i.n n might actually increase S again, due to the reduction of degrees 
of freedom in the denominator of equation (2.13). In this work, we use two. 
possible criteria for an optimu:t;n value of the order of regression n: (a) that 
value for which the next high;.order polynomial causes a 10 percentage 
reduction 'in .S, or (b) that value which minimize s with a value grater than a 
specific small value. An example result of the optimum polynomial regression I 
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is shown in Figures 2 . .4. The dotted line represents tp.e original displacement 
near a wedge corner, and solid line represents the filtered displacement 
obtained from the optimum polynomial tegression. In this case, the standard. 
deviation falls rapidly with n increasing, but becon1es less sensitive (below 
10%) to change of n after n-:-3 is reached. Thus, on the basis of the stated 
criterion, we can say that the filtered data are represented best by a n==3 
polynomial regression. 
The use of enhanced fractional fringe moir~ interferometry removes that many 
of the limitations on the moir~ method, and applicability of the method is 
extended to include cases that were considered inadeq_uate for analysis 1n the 
past. The sensitivity of the method can be increased by up to two orders of 
magnitude, because ·of the ability to ·lind intermed_iate displacements between 
fringe centers. Digital image processing combineq with fractional fringe 
analysis increased the applicability and sensitivity of moir~ method, and. 
improved data management. 
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CHAPTER THREE 
EXPERIMENTAL PROCEDURE 
I 3.1 MOIRE INTERFEROMETER 
·Moire interferometry is a high-sensitivity whole-field, in-plane displacement 
measurement method. A setu:P of the two-beam interferometry is sensitive to 
displacement in one direction only. Generally, both horizontal {u) and vertical 
( v) components of displacement fields are required for analysis. Various optical 
schemes can be arranged to provide both fields.. The fou~-beam system shown 
in Figure 3.1 was chosen in this work. Two adjustable mirrors, A and -B, were 
added to the basic systen1 of two-beam interferometer. 
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Figure 3.1 Four-beam: interferometer. 
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3.2 EXPERIMENTAL ADJUSTMENT 
The incident angle O can be precisely adjusted by the following rather simple 
procedure. With the specimen in its unloaded condition, let sections A,- and B' 
of the ·incoming bea1n be blocked (Figure 3.1). Adjust the plane mirror C while 
observing an aperture plate in plane G. Two bright dots will appear on plane 
G and should be merged into one by adjusting the plane mirror D; this adjusts 
the mirror perpendicular to the specimen. 
Next, attach a white card to aperture plate H and observe two bright dots on 
the card. They are· from the two beams that form .the reference pat.tern. 
Adjusting the rotator E and rotator F, two bright- dots should be merged into 
one; this· adjusts the parallelism of lines iD: the specimen grating and virtual 
reference grating. Make fine adjustment of rotator E to get the frequency 2400 
lines/mm of virtual reference grating to be precisely twice that of specimen 
grating~ The close approach to a null field can be obtained from the 
adjustment of the U field. 
Next, let ljght from section A' and B' reach the apparatus. Light fron:i .section 
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A' strikes mirror A ; each ray is reflected upward to lie in a plane parallel to 
the yz plane. At the same time, light from section B' of the ·incident beam 
strikes mirror B and it reflected toward to lie in a Plane parallel to the yz 
plane. The rays of the two beams strike the specimen at angles +a and -c, 
respectively relative to the z axis. Two bright dots will appear on the aperture 
plate H near the original: combined dot. 
Adjusting plane mirror A and plane mirror B separately, two bright dots 
should be merged into one with the original combined dot; this adjusts the 
parallelism of lines in the specimen grating and the virtual reference grating 
, 
and obtains the close approach to a null field on V field. Accordingly, the U 
and V fields can be view.ed independently by using a opaque screen to block 
diffe!ent portions of the incoming beam. As always, the camera lens and video 
are adjusted to focus an image of the specimen surface. 
3.3 REPLICATION OF MASTER GRATING 
In this work, a original master which has crossed-line grating of 1200 lines/mm 
in the form of a very thin (µm) acrylic corrugated layer on a glass substrate 
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w~s used to produce sili~one ru};)ber submaster attached on a glass substrate . 
.. ,'!, ": 
The glass surface was thoroughly cleaned and primed with silicone primer SS 
4120, manufactured by General Electric. In the next step, two components of 
the silicone rubber, RTV 615 manufactured by General Electric, were 
completely ·mixed and emerged ·bubbles which were thoroughly removed by 
applying vacuum for about one hour. Then the primed glass plate :was 
carefully 1owered. on the master grating without trapping any bubble. The two 
plates were left for 24 hours in 60°C oven for curing. After curing, excess 
silicon rubber was removed and the repli~ated· submaster was separated. 
To produce a new acrylic master from a silicone rubber submaster, the process 
similar to that of producing submaster was employed. A pool of adhesion 
(Borland Optical Adhesive Type 81UV) was poured on a cleap glass plate and 
the silicone rubber submaster was .lowered on the plate. The plates were then 
e~posed to 25 W ultraviolet light for 20 minutes for curing. After curing , any 
excess of acrylic should be cleaned and the plates should be separated 
.caref till y. 
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3.4 REPLICATION OF SPECIMEN GRATING 
Before master grating can be used to replicate the grating in the specimen 
surface, it has to be made reflective. This was done by a high vacuum 
deposition of a thin aluminum layer on the grating surface ( evaporation ). A 
0 
1ayer of ·aluminum of approximately 40 A thickness is sufficient to make the 
grating surface highly reflective. During .the evaporation the applied voltage 
should be increased slowly and kept below 2 volts for 60 - 90 seconds to avoid 
t~e damage of the grating by overheated aluminum particles. 
After alignment of the orthogonal grating lines with respect to the specimen, 
the metallized master was lowered on the spec;imen surface following the steps 
shown in Figure 3.2: Various adhesives can be used. General~y, the adhesive 
should have low viscosity, good bondability to the specimen material, low 
modulus, high temperature resistance, high elastic elongation, low shrinkage 
and simple curing procedure. NOA 61 UV and NOA 81 UV manufactured by 
Norland Products, Inc. were used. They were found very convenient to 
handle, as they allow unlimited working time and a fast curing process when 
exposed t~ ultra-violet light. 
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In this stuqy, the RTV mode were first used in the replication process of 
$pec1men grating. Unfortunately, the phase-type diffraction gratings of the 
specimen were moderately damaged during the evaporation process, by the 
heated aluminum particles. The damaged specimen gratings can. not fully 
diffract the incident beam into their preferred angles, or diffraction orders, 
according to the diffraction theory of the specimen grating described in section 
1.3. Note that a closed-up photograph technique was used in the work to 
provide enlarged views in image. H·owever, the o?tained results sho.w th~t the 
replicated specimen gratings using RTV mode can not provide distinct moire 
fringe patterns, because the diverged diffraction reduces the contrast and light 
• intensity in the images. Therefore the acrylic adhesive was used in the 
replication process of the _specimen grating. It was found that the melting 
point of the optical adhesive was much higher than that of the RTV gelatin, 
and the highly distinct moire fringe pat tern were successfully obtained. The 
thickness of specimen grating for the three kinds of m.aterials shown in 'Figure 
3.3 were approximately 3 µm for acrylic adhesive, 4 µm for RTV, and 4.5 µm 
for epoxy. 
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Figure 3. :3 
Figure 3 .3 
' 
(a) 
(b) 
( C) 3 Jlll1 
~ 
The thickness of specimen grating: 
(a) acrylic adhesive, (b) RTV, (c) epoxy. 
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3.5 EXPERIMENTAL PROCEDURE 
To avoid changing rnatcrial properties of tlie spt'C1111c11 ,iud to insure s111ootli 
' 
·surfaces, the wedges were cut from ;rn ,1rryli, and au al mnimun plates 1,y a 
low s jl<'<'d saw. Th,, wed g!·'s were cut at s_,, \ · t'l" ;i] di f frn· nt angle s n, ·.l, ;, _, 
.90 °, 75-
0 
.GO
O 
,45 °, and 30 °. The wedges and suhst.ratt·s wn,· lmuncled tug<'lhn 
with ]VI- Lound 2()() ( lllilll11f;1ct med hy PPnuahoncl In t.,·rn;ct iu11;d Di vision) c1rn·d 
clt rcH/lll ternperature with pruper· prcssnn·. Tlw di111e11:-.;iu11:-, of the prcp;1n·d 
spc'c1111e11 were showu in Figure 3.4. 
\\'edge 
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-2 t : 
Figure 3.4 Specirnen geometry and 3-point bending. 
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I 
Each specimen was loaded in a precision three-point-bend loading frame as 
shown in Figure 3.5. Before loading was applied the setup was properly 
adjusted to get a close approach to a null field in the u-field and v-field 
separately. Gradually increasing the external load, the moire fringe patterns 
were recorded on the video tape. -Effort was made to obtain good resolution 
image patterns on the 1.5 x 1.5 mm area of the specimen. A charge coupled 
.device (model XC-57 manufactured by SONY) was used in the study. To 
avoid the image distortion, the camera was set perpendicular to the diffraction 
surface of the specimen on to the background of the photoelectric cell of the 
CCD. Each frame of the moire image pattern was acquired by J;)ata 
Translation processor DT-2853 and the strains and power of stress singularities 
were determined by the computer-aided fractional moire interferometry 
technique, as described in chapter two. 
3.6 VIBRATION CONTROL 
Moire interferometry, as described before, is sensitive to the small, in-plane 
displacements. The critical matter in obtaining accurate and reliable 
measurements are (1) good vibration control for distinct moire patterns, and 
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. \. 
(2) near perfect specimen gratings for strong diffraction pattern as described in . 
.' r 
section 2.3. 
GeneraHy; various vibration control schemes tan. be arranged to provide 
certain degree of protection. The amount :of movement of the elements of the 
optical arrangements shown in Figure 3.1 required to cause a noticeable blur 
depends on the s1nallest spatial fringe separation in the image. For the four-
beam moire interferometer optical syste_m, the vibrational environmental 
noise is the n1ost serious cause of noticeable blur in the image. An air damper 
system, in which four adjustable cylinders were used to support the elements 
' 
of the optical systen1 on the marble table, was used in the ·work to isolate the 
system from the environmental noise (Figure 3.6). On. the other hand, the 
relative mot.ions between the plane mirrors and specimen in the .x and y 
direction shown in Figure 3.1 would be devastating if the amplitude is of the 
order 9£ the reference grating pitch, 1/f. Reduction of the relative motion may 
be achieved by firm attachment of the four-beam interferometer to the 
specimen itself. 
" 
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CHAPTER FOUR 
RESULTS AND DISCUSSION 
4.1 INTRODUCTION 
The main features of the experimental examination of the power of stress 
singularity near a wedge corner are as follows: ( l) the acrylic beam topped 
with a acrylic wedge at five different contact wedge angles to study the 
influence of wedge end geometry on the power of stress singularity, (2) the 
acrylic beam topped wi.th a aluminum wedge to investigate the influence of 
material properties on the power of stress singularity, (3) five levels of applied :. 
loads on the acrylic beam topped with a acrylic wedge to identify the influence 
of external loads on the power of stress singularity, and ( 4) measurements 
taken along five different polar angles iri the substrates to examine the 
influence of the angular location on the measured power· of stress sing~larity. 
The calculation of the power of stress singularity can be obtained by using 
equation (1.12) derived in section 1.4. A linear relationship exists between. 
log( c"' + vc u) and log( r), with the slope A of straight line being related to the 
power of stress singularity; Therefore, we may estimate the power of stress 
singularity by linear least square method based on the plot of logarithm stress 
distribution near stress concentration. 
Next, consider the problem of determination the precision of least square for 
estimating A. According to the linear regression analysis, given in appendix A, 
the {1-a)-level confidence interval for the power of stress singularity A can be 
expressed as: 
( i - t a- ' ~ + t . a- . ), 
n-2, t-a / 2 ~ "(l 1. )2 n-2,1-Ct / 2 ~. "'·(·I .. l · ·)2 ~ og ri - og r ~. og ri - og r 
. . 
( 4.1) 
were 
" 
,\ 2 is normally distributed with mean A and variance . <r . 
2 I: ( log r i - log r) , 
tn-2, 1-Ct/ 2 is coefficient of Student's t-distribution, 
log r is mean of log ri. 
The equation ( 4.1) is used to estimate the confidence interval of power of 
stress singularity ,\ given in the following sections from section 4.2 to section 
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4.5. The obtained results were compared to those found from the theoretical 
prediction [1]. 
4.2 ACRYLIC BEAM TOPPED WITH ACRYLIC WEDGE 
To estimate the effect of wedge end geometry on stress singularity power, five 
different wedge angles were studied here. The fringe patterns of vertical and 
horizontal fields for acrylic beam topped with 90 ° acrylic wedge are shown in 
Figures 4.1.1 and 4.1.2, respectively. Those of 75 ° acrylic wedge, 60 ° acrylic 
wedge, 45 ° acrylic wedge, and 30"0 acrylic wedge were also given in Figures 
4.1.4 and 4.1.5, Figures 4.1.7 and 4.1.8, Figures 4.1.10 and 4.1.11, and Figures 
4.1.13 and 4.1.14 respectively. The close approach to a null field was obtained 
from adjustment of horizontal and vertical fields in the beginning. Thus, these 
recorded patterns were the final contour maps of each axial displacement due 
to the external load. Each fringe is a line of constant displacement, i.e. all 
points along that line have undergone the same amount of-displacement in the 
direction considered. To assign fringe values, a reference point of zero 
displacement must be known. However, for analysis of stress singularity power 
only strains were used in the evaluation. In other words, the -reference point 
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.displacement is not important since only relative displacements are needed for 
the strain computation and not the absolute values. Therefore, any arbitrary 
point may be considered as· a reference point. 
The strain components Ex and t 11 were evaluated at 12 - 20 points along the 
radial line from the point o, shown in Figure 4.16. Data were collected along 
the line approximately every 50 µm. The plots of the logarithm stress 
dis tri bu tion, log ( u x) = log [ 1~ 2 ( t: x+ vc Y )J near stress concentration for five 
specimens with different contact wedge angles are shown in Figure 4 .. 1.3 (90 ° 
wedge), Figure 4.1.6 (75 ° wedge), Figure 4.1.·9 (60 ° wedge); Figure 4.1.12 
(45° wedge), and Figure 4J.15 (30° wedge). The power of stress singularities 
and their confidence intervals at -95% are given in Tabies 4.1 J, 4.1.2, 4.1.3, 
4.1.4, and 4.1.5. The obtained results were compared with the theoretical 
calculations based on the perfect bounding between wedge and substrate 
(Figure 4.1.17). The experimentally obtained values of power of stress 
singularity were seen to be in good agreement. with the th~oretical predictions. 
However, small discrepancy may be explained by not perfect bonding of ihe 
specimens and the effects of the interfacial zone which were ignored by the 
theoretical assumptions. 
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Figure 4.1.2 Moire fringe pattern 
of horizontal field (u) for 90 ° acrylic 
wedge on an acrylic beam. 
t14 ,_95 = L761,. 
-2 :E(.logri-logr) =0.372 
Estimate of the variance ,/2 = 5.701E-3 
Power of stress singularity = -0.509 ±·0.068 
log r log u L.Q. (j Vari.rnce 
-.7094 -2.281 -2.249 .40834E-O l· 
-.66~0 -2.285 -2.264 .20D67E-Ol 
~.6125 -2.285 
-2.289 -.43437£-02 
-.5680 -2.293 -2.312 -.183698-01 
-.5333 -2.332 
-2.329 .22783£-02 
-.4960 "'.2.343 -2.349 -.59006£-02 
.,.4664 -2.334 -2.364 -.29923£-01 
-.4342 -2.350 
-2.380 -.30384E-01 
-.4084 -2.373 
-2.393 -.19993E-Ol 
-.3572 -2.387 -20419 -.32189E-0I 
-.3320 -2.414 -2.432 -.I7622E-01 
-.3115 -2.456 -2.442 .13032E-O l 
-.2887 -2.478 -2.454 .24262E-Ol 
-.2670 -2.487 -2.465 .22323E-O 1 
-.2295 -2.506 -2.484 .22197£-01 
-.1950 -2.515 
-2.502 .1283IE-01 
Table 4.1.1 Logarithm stress distribution 
near stress concentration for the 90 ° 
specimen (L.Q. a is regression value of a). 
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of horizontal field ( u) for 75 ° acry lie 
wedge on an acrylic beam. 
t10 ,.95 = 1.812, :E ( log ri - log r )2 = 0.440 
Estimate of the variance u2 = 3.652E-3 
Power of stress singularity = -0.436 ± 0.052 
log r log <l L.Q. u Variance 
-.65-15 -2.6215 -2.6066 .14!nOE-Ol· 
-.san .;2.61 !)!) 
-2.630i -.10814£-01 
-.5424 -2.6858 -2.6555 .30265 E-0 l 
-.41-t-t -2.6832 -2.7114 -.28156E-O 1 
-.346-t -2.7160 -2.7410 -.25008E-01 
-.2863 -2.7678 -2. 76i2 .57316£-03 
-.2577 -2.i606 -2.7797 -.19162£-01 
-.186.5 -2.8308 -2.8108 .20051£-01 
-.1450 -2.82i5 -2.8289 -.14307£-02 
-.1241 -2.8446 -2.8380 .65!J85E-02 
-.1062 -2.8454 -2.8458 -.37909£-03 
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Figure 4.1.6 Plot of logarithm stress 
distribution near stress concentration 
. 0 
. for the 75 specimen. 
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Table 4. L2 Logarithm stress distribution 
near stress concentration for the 75 ° 
speciincn (L.Q. u is regression value of er) . 
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Figurt· 4.1.7 ~loir~· fringe pattern 
of vertical field ( v) for 60 ° acrylic 
wedge on an acrylic beam. 
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Figure 4.1.8 iv1oire fringe pattern 
of horizontal field (u) for 60 ° acrylic 
wedge on an acrylic beam. 
t 11,.9s = 1.796, E ( log ri - log r )2 = 0.381 
Estimate of the variance '52 = 5.701E-3 
Power of stress singularity = -0.376 ± 0.042 
}oc, r 0 log u L.Q. (T Variance 
-.6j45 -2.5732 -2.5617 .1152SE-01 
-.5993 -2.5985 -2.5825 .16037E-Ol 
-.54·16 -2.6120 -2.6031 .89049£..02 
-.50ll -2.6097 -2.619-1 -.97008 E-02 
-.4211 -2.6249 -2.6496 -.24716£-01 
-.3340 -2.6410 -2.6635 -.22531E-01 
-.3216 -2.6738 -2.6870 -.13242£-01 
-.2G70 -2.7201 -2.7076 .12550£-01 
-.2436 -2.709.9 -2.7164 -.64876£..02 
-.2186 -2.7378 -2.7258 .12022£-01 
-.1975 -2.7318 -2.7337 -.19634E-02 
-.135-1 -2.7621 -2.7571 .4%91E-0'2 
-.1179 -2.7763 -2.7637 .12630£-01 
Table 4.1.3 Logarithm stress distribution 
near stress concentration for the 60 ° 
specimen (L.Q. <J is regression value of er). 
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Figure 4.1.11 Ivloirc fringe pattern 
of horizontal field ( u) for 45 ° acry lie 
wedge on an acrylic beam. 
t 15 ,.95 = 1.753, I: ( log ri - log r )2 = 0.636 
Estimate of the variance ri·2 = 2.362E-3 
Power of stress singularity = -0.326 ± 0.033 
. 
. 
lo" r l~g (7 0 L.Q. (7 Variance 
-.8571 -2.5603 -2.5291 .31272£-01 
·,.7919 -2.560,) -2.5503 .10211E-01 
-.7264 -2.5672 -2.5717 -.44724E-02 
-.6330 -2.5!Jl2 -2 .6021 -.10!J85E-O 1 
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-.43,38 -2.6420 -2.6501 -.80709 E-02 
-.4522 -2.6455 -2.6611 -.15532£-01 
-.4254 -2.6656 -2.6698 -.42324£-02 
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-.3284 -2.698!) -2.iO 14 -.248.31E-02 
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Tabk 4.1.4 Logarithm stress distribution 
near stress concentration for the 45 ° 
specir11en (L.Q. a is tegression value of a). 
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Figure 4.1.I:l Moir~ fringe pattern 
of vertical field ( v) for 30 ° acrylic 
·wedge on an acrylic beam. 
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Figure 4.1.14 :tvloirc fringe pattern 
of horizontal field ( u) for 30 ° acry lie 
wedge on an acry lie beam. 
tl3,.95 = 1.771, r: ( log ri - log r )2 = 0.432 
Estimate of the variance ci2 = 2.753E-3 
Power of stress singularity = -0.283 ± 0.044 
log r log u L.Q. (7 Variance 
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-;74·n 
-2.5470 
-2.5.5.53 
-.83465E-02 
-.6930 
-2.5504 
-2.5698 
-.19428E-O I 
-.6545 
-2.5600 
-2.5807 
-.19791E-Ol 
-.6124 
-2.5647 
-2.5027 
-.27967E-O I 
-.5803 
-2.6042 
-2.6018 
.23858E-02 
-.5445 
-2.6128 
-2.6119 
.93.J88E-03 
-.51G9 
-2.6271 
-2.619'7 
.74138E-02 
-.4858 
-2.6299 
-2.6285 
.14193E-02 
-.4616 
-2.6364 
-2.6354 
.95439E-03 
-.4125 
-2.6515 
-2.6493 
.21946E-02 
-.3684 
-2.6527 
-2.6618 
-.90401 E-02 
-.3498 
-2.6789 
-2.6671 
.11788E-01 
-.3114 
-2.6865 
-2.6779 
.85279 E-02 
-.2950 
-2.6930 
-2.6826 
.10401E-Ol 
Table 4.1.5 Logarithm stre~s distribution 
near stress concentration for the 30 ° 
specirnen (L.Q. u is regression va:lue of u)~ 
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Figure 4.1.16 The measured points on a scan line. 
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Figure 4~ 1.1 7 The effects of ,vedge geometry on the stress singularity co1nparecl ,vi th 
the theoretical prediction for the acrylic ,.iveclge qn a.n acry lie substrate. 
4.3 ACRYLIC BEAM TOPPED WITH ALUMINUM WEDGE 
Three different wedge angles were investigated for the case of acrylic beam 
tppped with the aluminum wedge in order to determine the influence of 
material properties on the power of stress singularity near the stress 
concentration region between two l;>odies. Fringe pafterns for t"he vertical and 
horizontal displacement fields for 90. 0 , 75 °, and 60 ° specimens are shown in 
Figures 4.2.l and 4.2.2, Figures 4.2.4 and 4.2.5, and Figures 4.2. 7 and 4.2;8, 
respectively. As described in s~ction 3.2 (experimental adjustment), the fringe 
patterns were adjusted to approximately null field in each axial direction 
before the loads were applied. Thus, the acquired patterns were aiso the final 
contour maps of each axial displacement due to the external load. The plots 
of the logarithm stress distribution near stress concentration for the three 
I specimens with different contacted wedge angles are shown in Figure 4.2.3 
(90° wedge), Figure 4.2.6·(75° wedge), and Figure 4.2.9 (45° wed~e). The 
power of stress singularities and their confidence intervals at 95% are given in 
Tables 4.2.1, 4.2.2, and 4.2.3. The obtained results were compared with 
theoretical calculations based on the perfect bounding between wedge and 
substrate, and are shown in Figt,1re 4.2.10. The experimentally obtained values 
of power of stress singularity were in good agreement with the theoretical 
86 
predictions. Small discrepancy may be explained by not perfect bonding of 
the specimens and the effects of the interfacial zone which were ignored in the 
theoretical evaluation. 
\ '( 
The experim~ntal results given in section 4.2 and section 4.3 have shown that 
the power of stress singularit_y A is as a function of the wedge geometry and 
wedge-substrate material properties. When the contact angle vary between O 0 
and 90 ° , the curve of the power of stress singularities shows the limiting 
cases of contact angle .\ ~ .0 while 1 ~ 0 and A ~ 0.5 while "Y _, 90 °. For the 
special case of contact angle 1 -+ 90 °, the power of stress singularity A -+ 0.5 
corresponding to that of the general case of the elastic crack-tip stress function 
is given in equation (1.4). 
In the case of acrylic beam topped with aluminum wedge, the ratio of Young's 
modulus for acrylic to that of aluminum is approximately 0.04. The measured 
power of stress singularities for all three angles were essentially the same. The 
result is identical to the theoretical prediction, shown in Figure c2 (appendix 
c). In the other words, the value of the ·power of stress· singularity _for small 
ratio Es/Em, will sharply and asymptotically increase to 0.5 as the contacted 
wedge angle up to 20 ° . 
87 
Figure 4.:2.1 i\loir/ fringe pattern 
0 l . of vertical field (v) for 90 a llrlll!llllll 
wedge 011 an acry.lir beam. 
-2.0 
-2.1 
-2 .. 2 
~ 
• 
-2.s 
-2.6 
-2 ·7 L__--1.__..,.--'---.l..---'---'----'-o..__· 2 ___ ....... 0 -1 _ __,o·.·o -0.7 -0.6 -o.s -0.1 -0.J 
. 
LOG R C m m J 
Figure 4.2.3 Plot of logarithm stress 
distribution near st.ress concentration 
for the 90 ° specimen. 
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F. 4 ') ') 11oire fringe pattern of 1g11re ·-·-
o . horizontal field (u) for 90 aluminum 
wecl11·e on an acrylic beam. ,:, 
t16 ,_95 = 1.746, E ( log ri - log r )2 = 0:217 
Estimate of the variance u2 = 3.020&3 
Power of stress singularity = -0.520 ± 0.065 
log r log a L.Q. (j Variance 
-.4663 
-2.2697 
-2.2419 
.27768£-01 
-.4341 
-2 .. 2723 .,.2.2587 
.13578E-Ol 
.:.4000 
-2.2755 
-2.2765 
-.92625£-03 
-.3723 
-2.2771 
-:2.2009 
-.13855£-01 
-.3462 
-2.2797 
-2.3045 
-.248,59£-01 
-.3215 
-2.2893 
-2.3173 
-.28075E-Ol 
-.2982 
-2.3080 
-2.3295 
-.21516£-01 
-.2761 
-2.3376 
-2.3410 
-.34236E-02 
-.2551 
-2.3546 
-2.3520 
.259I6E-02 
-.2350 
-2.3637 
-2.3624 
.12359E-02 
-.2158 
-2.3990 
-2.3724 
.26545E-01 
-.1975 
-2.4043 
-2.3820 
.22321£-01 
-.1798 
-2.4056 
-2.3912 
.14429£-01 
-.1629 
-2.4035 
-2.4000 
.34794E-02 
-.1466 
-2.4047 
-2.4085 
-.37763£-02 
-.1309 
-2.4086 
-2.4167 
-.80G52E-02 
-.1136 
-2.4104 
-2.4257 
-.1526.SE-O I 
-.0090 
-2.4411 
-2.4333 .78129E-02 
Table 4.2.1 Logarithm stress distribution 
near stress concentration for the 90 ° 
specimen (L.Q. u is regression :value of a"). 
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Figure 4.2.4 Moire' fringe p;1.tten1 
of vertical field (v) for 75 ° aluminum 
wedge on an acrylic beam. 
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Figure 4.2.6 Plot of logarithm stress 
distribution near stress concentration 
0 . for the 75 specunen. 
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Figure 4.2.5 Moire fringe pattern of 
ho r i z o 11 ta 1 fie 1 d ( u) for 7 5 ° a 1 um in urn 
wedge on an acry 1 ic beam. 
t18,;95 = 1.734, I: ( log ri - log r )2 = 0.665 
·Estimate of the variance ci2 = l.771E-3 
Power of stress singularity 
log r 
-.85.71 
-.7919 
-.73'52 
-.6772 
-.6330 
-.5928 
-.5.561 
-.5223 
-.4858 
-.4569 
-A2n 
-.4042 
-.3761 
-.3535 
-.3319 
-.3114 
-.2918 
-.2700. 
-.2522 
-;2350 
log <l 
-2.4192 
-2.4259 
-2.4675 
-2.5058 
-2.5454 
-2.5566 
-2.5880 
-2.6004 
-2.6004 
-2.6069 
-2.6634 
-2.6669 
-2.6697 
-2.6736 
-2.6843 
-2.6905 
-2.7003 
-2.7135 
-2.7173 
-2.7207 
L.Q. (! 
-2.4168 
-2.4502 
-2.4792 
-2.5089 
-2.5316 
-2.5521 
-2.5709 
-2.5882 
-2.6069 
-2.6217 
-2.6356 
-2.6487 
-2.6631 
-2.6747 
-2.6857 
-2.6962 
-2.7063 
-2.7174 
-2.7266 
-2. 7353 
= -0.512 ± 0.028 
Variance 
.24251£-02 
-.24269£-01 
-.11727£-01· 
-.31466£-02 
.13871E-Ol 
.4.5163E-02 
.I7090E-Ol 
.12164E-01 
-.64818£-02 
-.14828£-01 
.27729E-Ol 
.18176£-01 
.66034£-02 
-.11203£-02 
-.14519 E-02 
-.57246£-02 
-.59415£-02 
-.39408£-02 
-.92818£-02 
-.l 4662E-O 1 
2 
Table 4.2.2 Logarithm stress ~istribution 
near stress concentration for the 75 ° 
specimen (L.Q. u is regression value of u). 
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Fig11re 4.2.7 Moire' fringe pattern 
of vertical field (v) for 45 ° alurninurn 
wedge on an acrylic beam. 
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Figure 4.2.9 Plot of logarithm stress 
distribution rie_ar stress concentration 
. 0 for the 45 specimen. 
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Figure 4. 2 .8 tv1 oire fringe pattern of 
horizo11tal field (u) for 45 ° aluminum 
wedge 011 an acrylic beam. 
Ii 
tl3;.95 = 1.771, I: ( log ri - log r )2 = 0.159 
Estimate of the variance u2 = 2.119E-·3 
Power of stress singularity = -0.509 ± 0.06"4 
log r log O' L.Q. u Variance 
-.4522 -2.5329 -2.5123 .20571E-0I 
-.4168 -2.5430 -2.5304 .12562E-Ol 
-.3879 -2.5472 -2.5451 .20906E-02 
-.3572 -2.5583 -2;5608 -.25348 E-02 
-.3284 -2.5740 -2.5754 -.14064E-02 
-.3015 -2.5743 -2.5892 -.14875E-Ol I 
-.2761 -2.5734 
-2.6021 -.28721E-Ol 
-.2522 -2.5954 -2.6143 -.18977E-Ol 
-.2295 -2.6117 .. 2.6259 -.14232E-Ol 
-.2105 -2.6308 
-2.6356 -.48I 12E-02 
-.1898 -2.6547 
-2.6461 .86178E-02 
-.1701 
-2.6632 
-2.6562 .69890E-02 
-.1512 
-2.6782 
-2.6658 .12357E-Ol 
-.1331 
-2.6875 -2.6751 .12455E-Ol 
--.1157 
-2.6938 
-2.6839 .99160E-02 
Table 4.:2.3 Logarithm stress distribution 
near -stress concentration for the 45 ° 
specim~n (LQ. er is regression value of er). 
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Figure 4.2;10 The effects of wedge geometry on the stress singularity compared \vith the "theoretical prediction for the ahuni11un1 \vedge on iln ·acrylic substrilte. 
r 
\ 
Indeed, it is difficult t.o prepare the speci_men with very sharp contact angle, 
b.ec·ause such sharp cornet are easily damaged during the required specimen 
surface polish procedure. This implies that the described ·procedure can not be 
utilized for material w-here Es/Em is smaller than 0.2, since there is no 
significant ·influence of the wedge angle larger than 20 ° on the power ·of stress 
singularity for the low level of ratio Es/Em. 
4.4 EFFEC.T OF APPLIED LOAD 
Five levels of applied .load on the acrylic beam topped with a 60 ° acrylic 
wedge were studied to examine the influence of external load on the power of 
-stress singularity region . The vertical and horizontal fringe patterns .for 
i'. applied flexural loads of 4 Newton, 5 Newton, 6 Newton, and 7 Newton were 
acquired and shown in Figures 4.3.1 and 4.3.2, Figures 4.3.4 and 4.3.5, Figures 
4.3.7 and 4.3.8, and Figl\res 4.3.10 and 4.3.11, respectively. The no load fringe 
patterns· were adjusted. to approximately null field in each axial direction 
before the loads were applied. Thus, the acquired patterns were also the final 
contour maps of each axial displacement due to external load. 
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Figure 4.~3.1 tloir~ fringe pattern of 
vertical field (v) for applied load p=4 
Newton (acrylic 011 acrylic). 
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Figure· 4.3.3 Plot of logarithm stress 
distribution near stress concentration 
for ai)plied load p=4 Newton. 
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Figllre 4.3.2 !\Ioirr fringe pattern of 
horizontal field ( u) for applied load 
p=cl Newton (acrylic on acrylic). 
tl6,.95 = 1.746, :E ( log ri - log r )2 = 0.610 
Estimate of the variance u'2 = l.544E-3 
Power of stress singularity = -0.354 ± 0.028 
·10,,. r log u L.Q. (1 Variance 0 
-.7'.2G4 -2.81!).j 
-2.8070 .12504E-O l 
-.65-15 -2.83-!8 -2.8325 .23003£-02 
-.5993 -2.3442 -2.8.520 -.78127£-02 
-.5-t4G -2.8872 -2.8714 .15744£-01 
-.5011 -2.8813 -2.8868 -.55616£-02 
-.456!) -2.S777 -2.!J02.j -.24831E-01 
-.'3840 -2.9443 -2.9283 .I5925E-O 1 
-.3535 -2.!)302 
-2.9391 -.89731 E-02 
-.3216 -2.92!)4 
-2.9.505 -.21058£-0 l 
-.2951 -2.9530 -2.9.599 -.68212E-02 
-.2670 -2.9817 -2.9698 .11910£-01 
-.2436 -2.97 48 -2.9781 -.32923£-02 
-.21S6 -2.9939 -2.9870 .69847£-02 
-.1975 -3.0020 -2.!J944 .75302E-02 
-.1750 -3.0023 -3.0024 -.1344 7E-03 
-.15.59 -3.0043 -3.00!)2 -.48306£-0"2 
-.1354 -3.0122 -3.0165 -.42305E-OZ 
-.000 l -3.0440 -3.0293 .14648£-0i 
Table 4 .. 3.1 Logarithm stress distribution 
near stress concentration for applied load 
p=4 Newton (L.Q. a is regression value of a). 
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Figure 4.3.4 1loir~· fringe pattern of 
vertical field (v) for applied load p=5 
Newton (acrylic on acrylic). 
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Figure 4.3.6 Plot of logarithm stress 
distribution near st.ress concentration 
for applied load p . 5 Newton. 
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F. 4 3 5 ~·10·1r:. fringe pattern of 1gt1rt· .. .. 1~ '-
horizontal field ( u) for applied load 
p=5 Kewton (acrylic on acrylic). 
t14,.95 = l.761, E ( log r i - log r ) 2 = 0.545 
Estimate of the variance "c/2 = l.112E-2 
Power of stress singularity = -0.389 ± 0.079 
log r l,og er t.Q. (T Variance 
-.7264 -2.74Q3 -2.6983 .4i026E-Ol 
-.6545 -2.6699 -2.7263 -.56370£-01 
-.5993 -2.76-1"5 -2.7478 .16699£-01 
-.5446 -2. 7851 -2.7691 .16001E-Ol 
-.. 5011 -2.7550 -2.7861 -.31066£-01 
-.456!) -2.7591 -2.8033 -.44158£-01 
-.3840 -2.7898 -2.8317 -.4l933E-01 
-.3535 -2.875-1 -2.8-136 .31833£-01 
-.3216 -2.8915 -2.8560 .3.5527£-01 
'-.2951 -2.89-11 -2.8663 .27804£-01 
-.2670 -2.90S9 -2.8773 .31602£-01 
-.2186 -2.8952 -2.8961 -.99039E-03 
-·.1975 -2.9076 . -2.9043 .32439E-02 
-.1750 -2.9173 -2.9131 .42133£-02 
-.1559 -2.90SO -2.9206 -.I2606E-Ol 
-.0991 -2.91-.59 -2.9427 -.26825£-01 
Table 4.3.2. Logarithm stress distribution 
near stress co.ncentration for applied load 
p=5 Newton (L.Q. <J is regression value of a} 
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Figure 4.3.7 i\loir~· fringe patter11 of 
vertical field (v) for applied load p=6 
Newton ( acrylic on acrylic). 
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Fig11rc 4.3.8 i\loir~' fringe pattern of 
horizontal field ( u) for applied load 
p=G i\ewton (acrylic on acrylic). 
-2 t 11 !_95 = 1.796, :E ( l9g ri - log r) = 0.399' 
Estimate of the vari"ance u2 = 2.384E-3 
Power of stress singularity :;:: -0;349 ± 0.043 
lo(Y r 0 log (j L.Q. u Variance 
·-.65-15 -2.6556 
-2.6452 .10·169£..01 
-.54·16 -2.6856 
-2.6836 .19295£-02 
-.5011 -2.6971 
-2.6988 -.17071£-02 
-.38-10 -2.705-1 
-2. 7398 -.34385 E-0 l 
-.3216 -2.7819 
-2.7616 .20,232£-01 
-.2951 -2.7733 
-2.7709 .23808£-02 
-.2670 -2.770 l 
-2.7807 -.I0625E-Ol 
-.2436 -2.7947 
-2.7890 .57855£..02 
-.2186 -2.8002 -2. 7977 .25208£..02 
-.1975 -2.8053 -2.8051 ,22388£..03 
-.1354 -2.8180 -2.8268 
-.88062E-02 
-.1179 -2.8215 -2.8329 
-.11379E-01 
- .Q!)!) 1 
-2.86"29 
-2.839.5 .23361 E-01 
Table 4.:3.3 Logarithm stress distribution 
near stress concentration for applied load 
p=6 Newton (L.Q. u is regression val u·e of u). 
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Figure 4.3 . .12 Plot of logarithm stress 
distribution near stress conce.ntration 
·fo~ applied loaq p=7 Newton. 
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Figurt· 4.3.11 l\loirc fringe pattern of 
horiZl)ntal field (u) for applied loa<l 
p= 7 New ton (acrylic on acry lie). 
tll,.95 = 1.796, I: ( log ri. - log r )2 = 0.381 
Estimate of the variance ~2 ::: 2.171 E-3 
Power of st!ess singularity = -0.376 ±· 0.043 
lo" r 0 loa (j 0 L,Q. (j Variance 
-.6.S-15 -2.5732 -2.56 li .11528£-01 
-.5003 -2.50S5 -2.5825 .16037E-01 
-.54-16 -2.6120 -2.6031 .80049E-02 
-:5011 -2.60!)7 
-2.6194 -.97008E-02 
-.4211 -2.624!) 
-2.6496 -.24716£-01 
-.3840 -2.6410 -2.6635 -.22531E-Ol 
-.3216 -2.6738 -2.6870 -.13242E-Ol 
-.2670 -2. 7201 -2. 7076 .12550E-Ol 
-.2436 -2. 70!)!) 
-2.7164 
-.64876£-02 
-.21S6 -2.7378 -2. 7258 .12022E-Ol 
-.1975 -2. 7318 -2.7337 
-.19634 E-02 
-.1354 
-2.7621 -2.7571 .4!)6!) 1 E-02 
-.117!) 
-2.7763 -2. 7637 .12630E-Ol 
Table 4.:3.4 Logarithm stress distribution 
near stress concentration for applied load 
p=7 Newton (L.Q. CJ is regression value of CJ). 
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0.0 
The plots of the logarithm stress distribution near stress concentration for the 
... 
different levels of applied loads are sh9wn in. Figure 4.3.3 (4 Newton), Figure 
4.3.6 (5 Newton), Figure 4.3.9 (6 Newton), and Figure 4.3.12 (7 Newton). The 
power of stress singularities and their confidence- intervals at 95% are given in 
Tables 4.3.1, 4.3.2, and 4.3.3. Figure 4.3.13 represents summary of the data 
acquired fro1n four differ~nt loads. along the same scan dir.ection. Those results 
show that there is no significant d1fference between the slopes of each one of 
the four sets of data. On the basis of those results, one may conclud.e that the 
1neasured power of the stress concentration is independent of the levels of 
applied loads, as indeed predicted by theoretical analysis. 
4.5 INFLUENCE OF SCAN ANGLE 
To investigate the influence of scan angle on power of stress singularity, the 
displacement field was acquired along the five :polar angles measured ahe~d of 
the location of stress concentration on the acrylic b~am topped with a 60 C? 
acrylic wedge. The vertical and horizontal fringe patterns for the 60 °· 
specimen are shown in Figures 4.4. l and 4.4.2., respectively. The initial fringe 
patterns .were adjusted to approximately null field in each axial 
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Fi~tirc 4.4.2 i\loin~ fringe pattern 
'-
of horizontal field ( u) for 60 ° acrylic 
\H'dge on an acrylic beam. 
-- 2 t 14 ,.95 = 1.761, E ( log ri - log r) = 0.512 
Estimate of the variance a2 = 4.046E-3 
Power of stress singularity = -0.380 ± 0.049 
log r log a L.Q. (J' Variance 
-. 70SG -2 . .5 Fi3 -2.j'2QO 
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Table 4.4~ 1 Logarithm stress distribution 
near stress conu~ntration for the 
measurement alo11g 3,5 ·o polar angle 
(L.Q. u is regression value of u). 
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-- 2 t13 ,_ 95 = l_.771, E ( log r i - log r ) = 0.498 
Es . f h . 
-
2 6 I86E 3 lunate o t e variance CT = . :,.... · 
Power of stress singularity = -0.381 ± 0.062 
log r log CT L.Q. CT Variance 
-."711 S 
-2.5 i' 4 9 -2.5391 .3584SE-Ol 
-.6-173 
-2.5,99 -2.563, .16212E-O 1 
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Table 4..1.2 Logaritli'm stress distribution 
neaF stress concentration for the 
measurement along 40 ° polar angk 
(l.Q. O' is regression value of O'). 
--.. 2 t 11 ,.95 =· 1.796, E ( log ri - log r ) = 0.381 
Estimate of the variance a 2 = 2.147E-3 
Power of stress singularity = -0.376 ± 0.042 
lo~ r log CT L.Q. 'CT Variance 
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Table 4.4.3 Logarithm stress distribution 
near ~tress concentration for the 
1neasurement along 45 ° polar angle. 
-(L.Q. O' is r~gression value of O'). 
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tl5,.95 = 1.753, E ( log ri - log r }2 = 0.572 
Estimate ·of the variance ii2 = 5.G60&3 
Power of stress singularity = -0.363 ± 0.055 
log r log <T L.Q. (T Variance 
-.7293 
-2.6002 
-2.5590 Al221E-Ol 
-.. 665 7 
-2.6012 
-2.5821 
.19114£-01 
-.6065 
-2.60S5 
-2.6037 
.4S466E-02 
-.5544 
-2.6.090 
-2.6226 
-.13588E-01 
-.4666 
-2.6213 
-2.6546 
-.33260£-01 
-.42S3 
-2.664S 
-2.6685 
-.37675£-02 
-.3930 0 2.6568 · 
-2.6814 
-.2-t550E-O l 
-.3626 
-2.6666 
-2.6925 
-.25859£-01 
-.3:321 
-2.6!)!) l 
-2.7035 
-.4-4124£-02 
-.3022 
-2.6972 
-2.7144 
-.17220E-Ol 
-.2756 
-2.6923 
-2.7241 
-.3IS10E-Ol 
') - ') ·) 
-2.7413 
-2. 7326 
.86899£-02 
-._,) __ 
-.22S-I 
-2. 7535 
-2.7413 
.17200E-Ol 
-. lS-t 7· 
-2.7497 ? ---') 
-.75278£-02 --.li)t_ 
-.1G-t2 
-2. 7746 ,.2.7646 
.99690£-02 
-.1260 
-2.8010 
-2. 7786 
.22481E-01 
-.1093 
-2.8231 
-2. 7846 
.3SH4E-Ol 
Table 4.4.4 Logarithm stress distribution 
rwar ·stress concentration for the 
rneas.urement along 50 ° polar angfe. 
tlJ,.95 = 1.771, -- 2 . E( log ri - log r) · = 0.-584 
Estimate of the variance ii2 ::: 7.453£-3 
Power of stress singularity 
= -0.396 ± 0.063. 
loa r 0 log <T L.Q. (r Variance 
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Table. 4.4.5 Logarithm stress distribution 
near stress concentration for the 
measurement along 55 ° polar angle 
(L.Q. u is regression value of u). 
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Figure 4.4.8 The effects of scan angles on the stress singularity. 
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0.0 
direction before the loads were applied. Thus, the acquired patterns were the 
final conto1:1r m~ps of each axial displacement due· to the external load. The 
plots of the logarithm stress distribution near stress concentration for the five 
scan angles are shown in. Figure 4.4.3 (35 ° }, Figure 4.4.4 ( 40 ° ), Figure 4.4.5 
(45 ° ), Figure 4.4.6 (50 ° ), and Figure 4.4.7 (55 °). The power of stress 
singularities and their confidence intervals at 95% are given in Tables 4.4.1, 
4.4.2, 4.4.3, 4.4.4 and 4.4.5. The result shown in Figure 4.4.8 indicates that 
·angular locations have no significant effect on power of stress singularity. On 
the basis of the results of section 4.4 and section 4.5, orie may conclude that 
the levels of applied load and the angular location of the scan line ahead wedge 
corner do not influence the measured .power of stress singularity. The obtained 
_results were identical to the theoretical predictions based on the theory of 
linear elastic fracture mechanics [9]. 
4.6 MEASUREMENTS OF MATERIAL PROPERTIES IN-SITU 
Th~ experimental results based on enhanced moir~ interferometry method 
were in a good agreement with the theoretical predictions. It is noted that the 
dominant effects on stress singularity is due to geometry and elastic constant 
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' 
of the materials. The primary interest in this section is to evaluate the 
material properties. It is important to note that the power of stress singularity 
shows mainIY as a function of 118 , "mi and ratio Es/Em for two material wedge 
problem [l,19]. It is true that one can get the numbers of the material 
properties from some teference handbooks, however the main problem is that 
those numbers were obtained either from a bulk 1nateria1 or from films 
removed fron1 substtate and subjected to mechanical loading. Therefore, next 
step in the ·investigation of the material property effects upon the power of 
stress singularity is to develop methodology for n1easurement of _the 
n1echanical properties (E and v ). 
A three-point-bending load frame shown in Figure D 1 ( appendix D }, . was used 
for the measurement of Poisson's ratio. The test specimen in the three-point-
bending test is subjected to a m:aximum flexure stress at outmost surfa_ce in 
the load span. The .experimental arrangement specjally aims to get normal 
strajns in each axial direction on the outmost beam surface. According to 
appendix D, the value of Poisson's ratio is equal to the ratio ey/ ex. To 
estimate the Poisson's ratio, we may use enhanced moil:~ interferometry 
method to evaluate the strains in each axial direction. 
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The vertical a~d horizontal fringe patterns are given in Figures 4.5.1 and 4.5.2, 
and .Figures 4.5.3 and 4.5.4 for aluminum beam and acrylic beam,' respectively. 
The obtained Poisson's ratios for aluminum and acrylic beam specimens are 
shown in the Tables 4.5.1 and 4.5.2, respectively. The obtained re·sults were 
close to the one presented in ASM International Vol.2 - the Poisson's ratio v 
is 0.33 for aluminum alloys at 68 ° F. and the Poisson's ratio v is 0.32 for acrylic 
beam. 
Once the power of stress singularity and Poisson's ratio were determined from 
the experiment, one can use equation ( 1.2, 1.3) to deduct the ratio Es/Em. 
Since Es can be m_easured by any conventional methods, in-situ Em can be 
calculated. Thus, this method conveniently leads to determination of the 
elastic constants of the materials in-situ with no requirement to use bulk 
material or films to be removed from substrate. 
4.7 UNCERTAINTY ANALYSIS 
The determination of uncertainty level depends on the uncertainty of each 
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Figure 4.5. 1 lvloire fringe pattern of 
vertical field (V) for aluminun1 beam. 
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Figure 4.5. 4 Moire fringe pattern of 
vertical field (V) for acrylic beam. 
106 
r0.3 rnm-l 
. ..--..·-.-.. 
Figure 4.5. 2 Moire fringe pattern of 
horizontal field (U) for aluminum beam. 
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Figure 4.5.5 Moire fringe pattern of 
horizontal field (U) for acrylic bea1n. 
; 
Strain Ex Strain cy p . I 01SSOI1 S ratio v 
7.558E~03 2.564E-03 0.339 7.936E-03 2.699E-03 0.340 7.708E-03 2.551E-03 
·o.331 7.623E-03 2.493E-03 0.327 7.724E-03 2.642E-03 0.342 7.543£-03 2.624E-03 0.348 7.710E-03 2.583£-03 0.335 
n=7 t6,.975 = 2.447 S11 = 7.044E-03 
v = 0.3374 Poisson's ratio v = 0.337 4 ± 0.0065 
Table 4.5.1 Poisson's ratio for alurninuni bean1. 
Strain 
€x Strain 
€y Poisson's ratio v 
9 . .142E-03 2.889E-03 0.316 8.788£-03 2.944£-03 0.335 8.996E-03 2.951E-03 0.328 9.163£-03 2.923E-03 0.319 8.969E-03 2.914E-03 0.325 9.032£-03 2.908E-03 0.322 8.906E-03 2.957E-03 0.332 
n-7 t6,.975 = 2.447 S11 = 6.363E-.03 
v = 0.3253 Poisson's ratio 11 = 0.3253 ± 0.0059 
Table 4.5.2 Poisson's ratio foi" acrylic- beam. 
107 
) 
n1easured parameter that is used. In the analysis of the power of stress 
singularity based on enhanced moir~ interferometry method, the uncertainty 
parameters include the measurements of the distance from the location of. 
stress concentration and the light intensity amplitude. On the basis of 
appendix 13 (equation B18, B21, B22), it could be conclude that the 
uncertainty in power of stress singularity will be not over ·± 5.56%. 
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CHAPTER FIVE 
CONCLUSIONS 
In this study, we have successfully used digital i1nage analysis enhanced moire: 
interferometry 1nethod to investigate the singular nature of the stress 
concentration at a sharp corner between two stressed bodies. The 
experimental results obtained in this work were in a good agreement with the 
theoretical predictions of the singular nature near the interface of dissimilar 
media. Furthermore, the study may be extended to investigate the nat~re of 
the ~tress singularities near film edges in encapsulated integrated circuits, with 
a main intention to develop methodology for measurement of the films 
mechanical properties in-situ. 
The singular problem of a two-dimensional elastic medium with a c~ack lying 
along the interface of two bounded dissimilar materials was a point of great 
interest and controversy two decades ~go. Erdogan, Sih and Rice, Williams, 
England considered various aspects of this problem. Erdogan [2] used a 
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complex variable formulation to examine the case of a finite number of 
straight cracks 9-long the interface. Sih, Rice [3] and Williams [4] 
investigated the singular field ahead of the crack and found that the stress 
exhibits an oscillatory character. England [5} developed a global solution of 
the problem and argued that violent oscillations occurri.ng in the stress near 
the crack tip are physically inadmissible since they predicted that the upper 
and lower surfaces of the crack should wrinkle and overlap near the- ends of the 
crack. In the past few years, Barsoum (6,7,8] presented some finite element 
based methods for the solution of singular nature near the edge of dissimilar 
media. The limits of finite element method are that the singularities in some 
cases may be unknown because of the fact that angular distribution is too 
complex and also that the r"efi_nement near the re-entrant corner will lead to a 
no convergent stress. Later, a photoelasticity based method was used to 
investigate the stress singularities at sharp corner in frictionless contact 
condition (20]. Here, the enhanced digital imaging fractional moire 
interferometry was used to determine ·the nature of the stress singularities near 
the edges of dissimilar media. 
Moire interferometry method is a whole-field, in-plane displacement 
measurement. This method of experimental mechanics is· characterized by the 
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following remarkable qualities: ( 1) high sensitivity, (2) e_xcellent fringe· 
contrast, (3) high resolution at a magnified small area, ( 4) extensive range, (5} 
pattern location coincident with specimen, (6) real time method (21]. Because. 
of these advantages, the increase in applications of the moire interferometry 
technique in this field may be expected in the future. 
However, moire interferometry techn_ique is a part of an evolutionary process. 
In particular, Sciammarella [12] first introduced the: theory of fractional moire 
interpretation more than two decades ago. As previously described, half-fringe 
fraction moire fringe analysis produces an important improvement to moire 
interferometry technique. The use of digital image processing supports and 
greatly enhances 1noire interferometry in numerous aspects. Without 
fractional fringe moire interferometry the data obtained from the lower order 
fringe pattern would be a major cause. of inaccurate strain analysis. The 
technique of the fractional moire interfe.rometry allows the interpretation of 
data to be no long~r limited to the distinct lines of full fringe analysis, hut to 
be extended to a whole-field image interpretation. 
A computer-aided image-processing measuring system has been developed to 
acquire and manipulate information stored in moire fringe patterns. ·without 
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the automatic -method it will be impractical to process the large number of 
moire fringe patterns, because of the tedious repetitive calculations and the 
loss of valuable experimental data. Moreover, Fourier transform technique 
used in th~ computer-aided system provides a powerful tool to eliminate the 
high frequency noise, due to image imperfections caused by scratches, air 
bubbles, fingerprints, shadow reflection image, etc .. 
Effort was made to obtain high resolution image pattern from the 1.5 x 1.5 
millimeter2 area of the grated specimen near the stress concentr~tion. The 
small area was recorded q,S ~ 512 x 480 pixels frame of image data through a 
video digitizer. This magnification correspond to the resolution of 
measurement with 2.93 µm per point. 
Owing to the high resolution on small strain field and· the advantages of 
enhanced. moire interferometry technique, $Orne important critical problems, 
including the delamination in encapsulated integr·ated circuits, the 
determination of the thin film's material properties, the extent of crack gro.wth 
in fracture tests ·of brittle materials, and the microcracking characterization of 
some new advanced materials~polym~rs, ceramics, and composites, are 
expecte.d to be sol yed in the further researches. 
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APPENDIX A 
CONFIDENCE INTERVAL 
The singular stress Junction was expressed in equation (1.12). The estimate of 
the varia~ce u 2 and confidence interval for the power of stress singularity .\ are 
[22] 
estimate of the ·variance u 2: 
where 
a- 2 is e$timated of the variance, 
1 n is number of the experimental data, 
Yi is experimental data calculated from log ( cx+vcy), 
C is constant, 
A is pow.er of stress si~gularity, 
r is distance from the location of stress concentration .. 
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(Al) 
the (1-a)-level confidence interval for power of stress singularity..\ [23J: 
• ( ,. fr ,. fr ) 
A - t I ~ . . , ,\ + t I ~ . ' n-2,1-a- 2 . L (log ri - log r)2 n-2,1-a- 2 L (log ri - log r)2 
(A2) 
were 
(]"2 is normally dist;ributed with mean ..\ and variai1ce-----"--------:==---=-
I: ( log ri -logr) 2, 
tn-2, 1-a-/ 2 is coefficient of student's t-distribution, 
log r is mean log ri ~ 
' . 
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APPENDIX B 
UNCERTAINTY ANALYSIS 
In fractional fringe analysis the determination of power of stress singularity is 
based on light intensity and it's derivation, which has some degree of 
uncer.tain t y (error). The uncertainty interval for the determined power of 
stress singularity depends on the weight and uncertainty of each measured 
parameter that 1s used. 
Recalling that for a general function 
Q( q1 ,q2,q3,·····,qn), the uncertainty intervals for each of the measured 
parameters, Si as follqws [23] 
s. == [ ~ ( aQ s.)2]0.5 
I .~ oq, 1 
I==l I (Bl) 
In power of stress singularity analysis, according to equation (1.12), the stress 
function near wedge corner is 
log ( g ~ + v g;) = log c + ,\ log r, (B2) 
119· 
where 
log c = log [ kf ( /J) ~ log ( 1 E 2 ) ] -l! 
In three-point-bending test, the obtained results show that the values of t ; 
near contacted wedge corner is zero or very s1nall that can be neglected. 
Therefore, the stress function may be rewritten as 
log u' - log c + A log r 
where u' == 8 u -8 x' 
or, 
I log U· 
_\.,-. C 
- log r 
Use equation (Bl)., St\ is found to be 
Su' ' 
S ,\ == { ( 7.. )· 2 + ( -( log% ) Sr ), 2 }0.5 log r r ( log r ) 2 
S u' 1 . ·{· ( ~ ) 2 + ( log c Sr ) 2 }0.5 log r · u · r log r 
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(B3) 
(B4) 
(B5) 
Equatior;t (B5) is therefore, divided throughout by·· the power of stress 
singularity ..\. It yields 
{ Su' ·}2 ( Sr ) 2 ( log ~' ) u' + r log r . (B6) 
In fractional fringe analysis, from equation (3.6), the displacement u(x) 1s 
related to light intensities by the relation 
( ) _ p '"1 ( I (x) - I O ) u .x . - 21r cos 11 (B7) 
or, 
u ( X) = J_ cos -1 ( I ( X) - I O ) 
21rf I1 (BB) 
where f == p-l == 2400 lines/mm. 
The determination of the displacement requires measurement of the quantities 
I (x), 10 , I1. For simplicity we may rewrite the equation .as follows 
121 
u (x) == - 1 cos -l L (x) 21rf 
where L (x) is a normalized light intensity given by 
L (x) = ( I (xi - I 0 ) 
0 
(B9) 
(BlO) 
L ( x) changes in the interval ( -1, 1 ) for any one half fringe.. It is necessary to· 
know the uncertainty in L (x} to find that in u (x}. SL can be computed using 
equation (Bl) knowing the errors in I (x), I O and I1. The error interval in I 
( x) is ± 0.5 gray level, as it is meq,sured directly in terms of discrete gray 
levels. I O and I 1 are computed from l min and I max in the field. Their error 
interval (uncertainty), are estimated from equation (Bl) knowing that I m-in 
and I max, each has an error interval of ± 
2
h gray levels for each of I O and 
11. Using equation ( B.1), SL is found to be 
S - -.1. { 3 + L (x)2 } 0.5 
L - 2 I1 2 . (Bll') 
This is t~en used once again in equation (Bl) to- get the uncertainty interval in 
u (x) as 
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S - 1 
u - 21rf I 1 
{ . 3 + L (x) 2 . } 0 .5 
2 [ 1 - L (x) 2 ] (Bl2) 
Consider derived term of displacement u along x-coordinate. Fron1 equation 
(B7), it yields 
,· ( ). 1 1 ( ) , 
u x ·== 2 .f ~ L x 
1r ', l - L ( x) 2 
d L (x) 
where L (x)' == d x 
Using equation (Bl), Su' .is founded tQ be 
(B13) 
S '== { [ L (x)' 2 L (x) SL] 2 + ( . . 1 SL' )2} 0.5 
u 
2irf ( 1 - L (x)2 )1.5 2irf ~l - L(x)2 
(Bl4) 
Consider derived term of normalized light intensity along X'-coordinate. It 
yields 
L (x) , = It)' 
1 (B15) 
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Using equation (Bl), SL' is obtained in the forn1 
SL' = 2L [ 4 Si + L ( x)' J o.5 (B16) 
Then, substituting in the equation (B5), we obtain the power of stress 
singularity uncertain.ty interval in the form 
. 2 . . 
S ,,x ~ { ( . 1 , ) 2 ·{ [ 2 L ( x) SL ] + [ SL' J2 }· + ( .· Sr . ) 2 .} O. 5 
A log·~ · · 1 -L (x)2 · L (x)' r log r 
(Bl 7) 
rinally, substituting equation ( Bll, .B13, B16) into equation (Bl 7), it yield 
S,,x ~ ·{ ( _1 )2 ( 1 . )2 
A 2 I1 log L (x)' -log~ 1 - L {x)' - log 21rf - log c · 
{ 2 L (x}
2 
. · 2 . 2 S 1' . 2 . 1 } 
2 ( 3 + L (x) ) + ( L ( )' ) + L ( )' 1 -L (x) · x . x 
+ ( Sr )2} 0.5 
r log r 
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.(B18) 
Clearly the error in power of stress singularity changes from point to point 
across any half fringe. The level of the error depends on the current value of L 
( x) and it's derivation and location r. 
Noti~g the equation (B18), the relative error of power of stress singularity 
sharply and asymptotically increases to infinity as L (x) approaches ± 1.0. 
This, however, has almost no effect on errors in datct taken within the practical 
limits of the measuring system as will be shown. in the following. First, it 
should be ;re1uembered that normalized light intensity at the fringe centers, 
where L ( x) == ± 1.0, are not determined by fractional fringe analysis, but 
rather by searching for maxima and minima in the light intensity distribution. 
Therefore the infinite error interval at L (x) == ± 1.0 is avoided. The question 
now becomes, where would be the next point in the distribution of L (x) (next 
to a .maxima and minima). The next point detectable by the image proces·sor 
will have a light int~nsity that is different from the neighboring peak by no 
less than one gr~y level. With refer to Figure Bl, where the light intensity 
distribution for a half fringe is shown, L (a} is -1 and L (b) is 1. If point, c, is 
the first point detected along the light intensity distribution, its light intensity 
is higher by one gray level ( at least) relative to the minima at point a. its 
light intensity is there£ ore given b.y 
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I(a) I(c) 
Position (x) 
Figure B 1 General light intensity distribution for one half-fringe. 
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I (cJ==I (a)+ 1 
= I O - I1 + 1 (B19) 
\ 
. Substituting this value into equation (BIO} to get the corresponding I ( c) as 
L ( x) . = L ( c) = ( _l ) ._ 1 
· n11n 
· I1 (B20) 
The n1oire fringe patte·rns of 1.5 x 1.5 square millimet~r areas were recorded 
as a 5i2 x 480 pixels frame of irµage data through the video digitizer. The 
corresponding error· interval in r is found to be 
1 1.5 ·- · . Sr == ± f2 512 - ± 0.00207 (B21) 
In the power of stress singularity analysis, the practical ranges for the 
parameters in equation (B18) were obtained as 
50 < 11 < 100, 
2.7 < log C _< 3.0, 
~0.1133 < r-log r < -0.0794, 
127 
341.3 < L (x)' < 86016 I1 
- I1 ' 
(B22) 
Finally substituting equations (B20, B21, B22) into relative uncertainty 
equation for power of $tress singularity, equation (B18), for I == IOU, ·it yields. 
SA . 1 · 2 
. . · · . · ·2 0. 5 T == [ ( 200 ) x 0.0981 x (392.0+28.2.3+0.3) + 0.02609 ] == 4.83 %, 
while I == 50, it yields 
SA 1 2 ·· . 
· 2 0.5 T == [ ( 100) x 0.0357 x (392.0+282.5+0.1) + 0.02609 ] - 5.56 %. 
It is, therefore, guaranteed that the error interval for the .determined power ·of 
stress singularity will not exceed 5.56 %. 
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APPENDIX C 
THEORETICAL ANALYSIS 
It is noted that the theoreti.cally based characteristic equation of stress 
singuladty indicated the geometrical and rnaterial properties effects upon the 
singular nature of stress concentration. From the equation {1.2), it· is seen 
that two factors, Young's modulus and Poisson's ratio, govern the relative 
stiffness constant (. In the case of plane stress, the elastic constant of 
substrate is expressed as K==/+~ . The relative stiffness constant results in 
(Cl) 
- Es . (1 2) 
- 2 Em.·. -vm (C2) 
Where 
Es is Young's modulus of the substrate, 
1-29 
Em is Young's modulus of the wedge; 
Es is Young's modulus of the substrate, 
vm is Poisson's ratio of the wedge, 
,' 
vs i~ Poisson's ratio of the substrate. 
Let the same material is chosen for the substrate and the wedge, thus the 
relative stiffness constant becomes 
2 1-vm ( == . 2 
Substituting equation (C3) into equation (1.3), it follows that 
2 
. 1-vm 1 
cot 7r ,\ - 2 f( a) 1 ,\ == 0 
where f(a) is the slope of the wedge end. 
(C3) 
(C4) 
Figure C 1 shows the power of singularity ,\ as a function of wedge end 
geometries. at five different Poisson's ratios for the equation (C4). It can be 
seen that for the Poisson's ratios below approximately 0.4, there is no 
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90. 
significant effect upon the power of singularity for the plane stress with the 
same material of wedge and substrate. 
Next, consider that the wedge and substrate are made of different materials. 
The characteristic equation of stress singularity becomes 
. . 2 
1-vm Es _L - 0 
cot n:..\ - 2 f( ) -E . 1.-'' -
· · a Ill "' (C5) 
Figure C2 show$ the power of singularity ..\ as a function of wedge end 
geometries at five different Young's .modulus ratios obtained from the equation 
(C5). 
~ 0.5. 
For the special case of :s -, 0, the power of singularity distribution A 
m 
In the other limiting case :~ -, oo, it shows the weak power of 
singularity with ..\ ~ 0. 
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APPENDIX D 
MATERIAL PROPERTIES 
A simple 3-point-bending loading frame shown in Figure D 1, was used for the 
Poisson's ratio measurement The specimen in the three-point bending test ( 
see Figure D2) is subjected to a maximum flexure stress at the outmost 
surface in the load span. For the tensile load ( longitudinal ), it induces 
reduction in the cross-sectional area of the specimen( lateral contraction ). In 
the .linear elastic range, it is found experimentally that lateral ~~trains, say in 
the y direction, are related to the longitudinal strain, in the x direction, by a 
constant of proportionality, 11 : 
(Dl) 
(b2) 
where II is called Poiss9n's ratio 
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Specimen 
Fig11re D l Schematic load frame of 3-poin t bending. 
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Figure D2 Test-piece subjected to 3-point bending (a) shear force (v) and 
bending-m.oment (m) distributions along x; and (b) flexural stress 
( u x) and shear stress ( r xy) distribution in the thickness direction. 
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From equation (Dl) and equation (D2 ), it follows that 
cy 
V == -€ 
X 
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(D3) 
(D4) 
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